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PREFACE TO THE FOURTH EDITION. 



Every one who has made some advancement in the study of 

this important branch of mathematical science, must have 

» found that, until he had acquired a knowledge of the nature 

■'.'> of Equations, his progress was uninteresting, and, conse- 

^ quently, unsatisfactory to himself, because he met with many 

» things which were not easily comprehensible to him, and be- 

J^i-j cause the application of the principles he was endeavounng to 

I comprehend was so remote that he would frequently be led 

^^^ to question the utility of this science. This circumstance has 

' ' frequently operated as a serious discouragement to persons 

, entering upon the, study of Algebra. 
^ The arrangement of the following pages is such that, as 
soon as the student shall have made himself so far acquainted 
with the first principles as to be able to perform the ordinary 
operations of Addition, Subtraction, Multiplication, and Divi- 
sion, he shall be invited to consider the nature of an Equation, 
and to apply his knowledge, however small, to the soltUion of 
a Problem, Again, when he has become conversant with Al- 
gebraic Fractions, he will be presented with other equations 
and problems, which it is hoped his increased knowledge will 
enable him to encounter with confidence and success. 

One of the greatest of modem mathematicians has said that 
*' In ediscendis scientiis exempla'plus prosuntquam prsecepta; " 
and any one who has been long practically engaged in the 
work of education will readily agree with him. With a view 
to assist the student, explanations and solutions of many ex- 
amples and problems are given in all parts of this work. 

This Pourth Edition has been carefully revised, and such 
corrections and alterations introduced as will, it is hoped, 



lY PBEFACE. 

render the work more acceptable to both teachers and learners. 
The encouragement it has already received has induced the 
publisher to recommend the enlargement of the work to the 
extent of an additional sheet : this has been filled up with 
the new matter forming the Appendix at the end. Oppor- 
tunity has thus been afforded to introduce several topics of 
interest and utility that could not well be treated of in the 
body of the work, and at the same time to furnish the stu- 
dent with a collection of problems suited to exercise his 
talents and ingenuity in a tolerably extensive range of sub- 
jects in elementary algobni. 
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CHAPTEE I 



I Algebra is a science in which numerical magnitude in 
j^eneral is represented by symbols and signs. 

The symbols are a, b, c, &c., or a jS 7, &c., to represent 
'mown quantities, and ^,y, z, &c., or d, ^, 4^, &c., to represent 
unknown quantities. 

The pigns are 
= eqiuil. 
H- plus, for Addition; thus, a 4- 6 = the «mw of a and fc, just 

as 3 + 5 « the sum of 3 and 5 = 8. 
— minus, for ' Subtraction ; thus b — c = the excess of b 
above c, just as 5 — 2 == the excess of 5 above Ju := 3, 
When it is not known which of two quantities, as x 
and t/, is the greater, their difference is expressed thus, 

X or . for Mtdtiplication, thus 2 c x Sd = the product of twice 
c and thrice d. The /2 is called the coefficient of c, and 
the 3 the coefficient of d. In the expressions a as and 
ft«, that IB, a X a and b x so, a and 6 are the ZiferoZ 
coefficients of a. The product is sometimes expressed 

thw^y (a + 5). (<? — <^)or (a + 5) (c — fl?)ora + b^c — d, 
wtiich means the sum of a and h multiplied by the 
difference of c and e;^. The expression ab + c means 
that a is multiplied by 5, and then c is added to the 

B 



& SYMBOLS AKD SIGNS 

product ; if a = 2, 5 s 8, and e ss 1, then ab -^ e =s 
2x3 + 1 = 7. The expression a{b -^ c) means that b 
and e are added together, and then their sum is multi- 
plied by a ; if a = 2, 6 = 8, and c = 1, as before, then 
a(ft + c) = 2 X (3 + 1) = 2 X 4 =s 8. 

-T- for Divinon ; thus m -r n, or more commonly — , ex- 

•^ n 

presses the division of m by n ; if m = 6 and n = 2, 

then — =- = 8. 
n -2 

: is to, and : : as or so u, for Ratios ; thus a : b :: c : d 
means that a has to & the same ratio that c has to ol, 

>s/ or ^ the radical sign, for roots; thus ^ x means the 

square root of a, %/x+y, or 1/ (x + y) the cvLbe root of the 
sum of X and y. 

2^ 3, 4, ^'indices, or eo^pon^nts, for powers; thus «^ means the 
s^tMir^ or second power of a?, (y — zY the fourth power of 
the difference of y and 2r ; if y = 6 and ;2^ = 4, then 
(y - ;py = (6 - 4)4 = 2* = 16. 

•.• since or because; .*. therefore; cc varies as; > greater 
than ; < Z^sa tAan ; go infinity ; and + i'^tis or miniLS. 

Example 1. Find the value of the following expressions, 
when a = 8, & s= 2, and c = 4. 

1. a 4- 3 ft 4- c, Ans. 13. 

2. 4 a + 2 ft — a f. Ans. 4. 
8. a' + ft (c — a). Ans. 11. 
4. 6 (a + ft* - 2 c). Ans. 16. 

Ex. 2. Find the value of the following expressions, when 
a; s 4^ y = 3, i^ = 1, and n =s 2 

1. n (x + y — 4r). Ans. 12. 



STMB0L8 AND SIGNS. O 

x^ 4- tr^ — 9z 
8n + 1 

3. —- — ^ + n« Ans. 7 
o o 

4. (;»' — y-) ^ (x-~yy + n(aiy - z). Ans. 28. 

II. JJke quantities consist of the mme letters, as 2 a, 6 a ; 
also 3a:-, 4^-; also aay, ^axy^ lOaay, 

Unlike quantities consist of different letters, as Ua, 2 &, 
bay. 

Positive quantities are such as have the sign +>or no sign, 
before them ; in v^hich latter case + is understood. 

Negative quantities are such as have the sign — before 
them. 

Suppose a person's money is Sf pounds : 
He has a positive stock of 2 pounds, which may be repre- 
sented by H- 3. 

Let him spend 1 pound. 

He has then a positive stock of 1 pound, which may be 
represented by + 1. 

Let him again spend 1 pound. 

He has then no positive stock, which may be represented 
byO. 

Let him incur a debt of I pound. 

He has then a negative stock of 1 pound, which may be 
represented by 1 1. 

Let him again incur a debt of 1 pound. 

He has then a negative stock of ^ pounds, which may be 
represented by — 2. ' * 

III. Every algebraic quantity has a numeral coefficient 
either expressed or understood ; if it be not expressed, it is I. 
Hence the sum of da, 5a, and a, is 3 a + 5 a + 1 a s= 9a, 
just as 3 horses, 5 horses, and a horse, are equal to horses. 
Hence, also, 10;? — ;8? = 10« — 1« = Ojif, just as 10 sacks of 
com diminished by a sack of com are equal to 9 sacks of com. 

B % 
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ADDITION. 

Examples, 

1. Add together 2a + ^, 8a + 2*, a + 6 5, and 3 6 + 4a. 

2a + b Here 4a -f la + 3a + 2a = 10a 

3a + 26 and 85 + 55 + 23 -h 16= 116 

a + 5 6 .*. the whole sum islOa+ 116. 

4a 4- 86 



10a + 116. Ans. 



2. Find the sum of 8;p — 2^* 6a? -f 4y, — a? — 3j^, and 

8a? — 2^^ 
6 a? -f 4y 

— a? — 3y 

— 5a?— y 



8 a? — 2y, Ads. 



Here 8af + 6a? — 1 a? — 5a? = 9a? — 6« » 8aJ 
and 4^^ — 2j^ — 3j^ - ly = 4y — 6^^ =— 9y, 
for — 6y = — 4y — 2^^ 
• 4j^-6^ = 4y-4y-2y = 0-2y=— 2y 
.*. the whole sum is 8 a? — 2y. 

8. Add together a?' — 3a?y -H 2^',/ — 4a?^ + a>j^, and 
x^ — 5^^ + 3a?^ 

af^ - 3a?^ + 2/ 

— 4a?2+ ay -{- y^ 

3a?^ + ^^ — 5^* 



Here a?'- + 3a?- — 4a?^ = 4a?- — 4a?'^ = 

\xy -^ \xy — ^xy =: ^xy — 8a?y = — 1.^^ 
2/ + ly^ - hf' = 3/ -6/ = -2y^ 

.'. the whole sum is — a?y — 2^. 



ADDITION AND SUBTBAGTION. 

4 Add together 2a + a 6, a + 3 6, 5 a + 6, and 8 a -h J. 

Ans. 16 a + 7 6. 

5. Add together 2a?— 4 y, — 3a? + y, 6a;— 5 y, and 
2 y — dJ. Ans. 4 « — 6 y. 

6. Find the sum of 2 a?- -h ary — 2 y', 3 a; y — y* — 4 x\ 
5 y^ — a;*— 6a; y, and 4 a?» — a?y + 3 y*. Ans. a?' — 8 «y + 5y-. 

7. Collect into onesum aa^ + 6a;* — ca?, 2aa?'* 4- 4 ca? — 6 6 a;^ 
and 2 6a?"^ — a a?"* — 8 cap. Ans. 2 ax* — 2 6aj'— hex, 

8. Add a—h to a -f 6 ; ob^ '\- a: y to a;y -f- y^ ; and y* — a? « to 
xz^z^ Ans. 2 o; a;- + 2 a;y+y'; and y* — j!f*. 

SUBTRACTION. 

IV. Suppose A's money is 3 a? pounds, which remains con- 
stantly the same ; and suppose B's money is 2 a? pounds, which 
is diminished daily by the expenditure of a? pounds (Art. II.); 
it is required to find the excess of A's money above B s, on 
each successive day. 

Ist day. 2nd day. 8rd day. 4th day. 5th day. 
A's money 3a? 3a? 3a? 3a? 3a? 

B's money 2x la? Oa; —la? —2a? 



Difference la? 2a? 3a? 4a? 5a;, &c. 

These diflferences, which show the daily excess of A's money 
above B's, are obtained by Subtraction: but they may be 
obtained by algebraic Addition, if the signs of the quantities 
to be subtracted be previously changed : thus, 

Ist day. 2nd day. 8rd day. 4th day. 5th day. 
A's money 3a; 3a? 3a? 3a? Sa? 

B's money —2a? —la; — Oa? la? 2a? 



Sum la? 2a? Sx 4a? 5a?, &c. 

Hence, to subtract algebraic quantities ; Rule, Imagine 
the signs of the quantities to be subtracted changed , and then 
proceed as in Addition. 

V. The sign — before any quantity indicates that the whole 
of that quantity is to be svbtracted. Thus the expression 
a — {b 4- c) means that (6 + c) is to be subtracted from a : 
hence, a-'(b'\'e)'=:a'-b^Cy a— (6 — c + rf)=a— 6 4- c — </, 
and a? — {a — (6 — (?)} = a? — {a— 6 +c} = «— fl + 6— c. 



V SUBTRACTION. 

Ea!amples. 

1 From 4a — 86 — 2c subtract a + 23 — 5c. 

'4 a — 8 6— 2<? Herewesa7 + 4a — la = Sa. 
a +2 6- 5 c ^sb — 2h = — 106. 

— 2c + 5c=4-3c. 

3 a— 106 + 3 c Ans. 

4 a— 86— 2 c Proof, by adding the ans. to theexpres- 

sion above it. 

2. From 2mar^ — »« — Spy + r subtract 6 m:v^ — 4na? + 

py + Q- 

2 m of^-^nx — Spy-j-r Here we say 
5war^— 4na?+ py+g +2 wa?*- 5m^^=— 3m«* 

— na? +4nii? =+3nap 

— 3mx2 + 3wa?— 4pj^ + r— 5 Ans. — 3^y — li?y =— 4;?^ 
and -fr— 3=+r— J. 

3. From 6a + 26—(3a+6) subtract 2a+46— (4a— 6). 
6a 4-26— 3a— 6 Here, in writing down — (3a+6) 
2a-r46— 4a+ 6 and— (4 a— 6), we take care to change 

" the signs within the brackets, be- 

4a— 26+ a— 26= cause the sign before each bracket 
5 a— 4 6 Ans. is—. 

Examplea, to be proved by Addition, 

4. From 5a — 66 — 3csubtract2a + 36 — 7c. 

Ans. 3 a — 9 6 + 4c. 

5. From a^-^xy take x y—y-; and from a + 6 take a — 6. 

Ans. a?*- 2xy -f y^; and 2 6. 

6. From 6n2+n-3 take4n2 — 3n — 2. 

Ans. n* + 4n— I. 

7. From a y^^7a^y —a^c take 3 a y'* — 2 a^ + a — 6. 

Ans. .— 2ay2— 5a'y — 2a + 6 — e. 
. 8. What is the difference between a* — a'^6 -f 2 a 6*^ — 6*. 
and2a26 — a62? Ans. a'— 3aH + 3 a6-— 6». 

MULTIPLICATION. 
VI. Multiply 3 + 2 by 4. 

3 -f- 2 = 6, and 5 x 4 = 20 = product required ; 
or thus, (3+2)x4 = 3x 4 + 9x4 = 12 + 8 = 20 = 
product required. 



MULTIPLICATION. 7 

Multiply a + & by e, and also by d^ and add the two results 
(a + 5) X c = nc + ^c 
{a -^h) xd^ad-^-hd 

ac H- ftc 4- arf -|- hd, Ans. 

This is obviously the same thing as multiplying a + ^ by 
-{- d\ thus 

a + ft 

c -\-d 



ac -f- be 

-{- ad + bd 

ac -^ be '\- ad -^ bd 

where a + ft is multiplied by c and then by d, and the two 
results added together. 

Multiply 6 — 3 by 6. 

6 — 3 = 2, and 2 x 6 = 12 = product required ; 
or thus, (5 — 3) x 6 = 30 — 18 = 12 = product required. 

Multiply a — ft by c, and also by (/, and subtract the latter 
result from the former. 

(a — ft) X c = ac — ft(j 
(a — ft) X rf = a J — ftrf 

ae^be — ad + bd. 
This is the same thing as multiplying a — ft by c — d ; thus 

a — ft 



ac — he 

— ad -{• hd 

ac ^ he — ad + bd 

where a — ft is multiplied by c, and then by — J, and the 
two results collected into one. 

On inspecting this example, it will readily appear that + 
multiplied by + gives + in the product ; — multiplied by 
— gives + ; 4- multiplied by — gives — ; and — multiplied 
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l>y + gives — , or, in other words, like signs give -♦- , and 
unlike signs give — . 

Multiply 2a; by 3 

2;p X 3 =threetimes 2x = 2a? 4- Jio? + 2a?=.6;p, 

or thus, 2 X a? X 3= 6a?. 

This result might have been obtained by multiplying the ^ 

coefficient 2 by the multiolier 3, and writing the ic after the * 

product. " 

Multiply 6 a by 2 ft. 

5xax2xft = 6x2xax6 = lOab. 

This result might have been obtained by midtiplying the 
coefficients 5 and 2 together, and writing the quantities a and 
b after the product. 

Multiply a by a'. 

a^=s a X a, and a*=ia x a xa; 

.\ a^ X a^=^ax a X a x a x a = a^; 

or thus, a^ x a^ = ar-^^ =:a^. 

This result might have been obtained by writing the quai. 
tity a with the sum of the indices^ 2 and 3, for its index.' 

When no index is expressed, the index 1 is understood , 
thus, a = a^ 

From these considei:ations we derive the following 

General Rules for Multiplication. 

If the signs are alike ^ write + ; if unlike ^ — . Multiply 
the coefficients. Add the indices of the same letter. 

Examples. 

1. Multiply 3a2 - 6aft -H Hb' by a" --^lab. 

3a2— bab -h 26- 

a'— lab 



3rt*— 6a/'b-{- 2a-ft^ 

-21a'6+ 35a'6-— Uab^ 



3a* — 26a 6 -f 87a*i^ — Uab^ 



MULTIPLICATION. 



S. Multiply a^ — a«-' b + a^-^jn by o — J. 






an+ 1 _ 2 a" ft + a"—* ft'» + a"— > ft^ — a«— 2^+1 

3. Multiply 6a by 4; 3a by 5ft; and x* by x', 

Ans. 24a; 15aft; and «^. 

4. Multiply 2a: — 4y + J2P by 3a? ; and a^ -|- 2aft — ft'^ by 
d'b'\ Ans. 6;»- — 12;i?y + 3az; and a'ft^ + 2a*ft' — a'ft^ 

6. Multiply ar* -— ary + a?y^ — y * by ;i? -f- y ; and a^ + ft*^ -j- 
c- -f aft — ac + ftc by a — ft + c. 

Ans. a?* — y* ; and a^ — ft"' + c'* + 3aftc. 

6. Multiply5;ir* + 4^'^ + 3a?-f 2 by 5a;=* — 4a?"^ andl — ar 

+ a?* — a?* by 1 + ^ -r x^ -f ^*. 

Ans. 25a?" — d?* — Sar' — 8ar^; and 1 — aj». 

7. Find the product of a + ft and a + ft ; of a — ft and a — ft ; 
and of a + ft and a — ft ; and learn the results by heart. 

Ans. {a-\-b)(a -|- ft) = a- 4-2aft + ft'; (a — ft)(a - ft) = 
a'^^ab -^ ft- ; and (a + ft) (a — ft) = a* - ft*. 

From this example it appears that 

1. The square of thie mm of two quantities is equal to the 
viim of their squares^ together with twice their product. 

2. The square of the difference of two quantities is equal to * 
the sum of tlieir squares^ diminished by twice their product. 

3. The product of the sum and difference of two quantities 
is equal to the difference of their squares. 

The student is recommended to commit these three theo- 
rems to memory. 

DIVISION. 
VII Division is just the reverse of Multiplication; thus, 
'.'^xx 3 = 6a?; •. 6*i?-r 8, or — = 2a?; 

b8 
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— 20^ 

4dr 

Hence, the Rule for Division will be ; if the signs are 
alike, write + ; if unlike, — ; divide the coefficient of the 
dividend by the coefficient of the divisor ; and subtract each 
index of the divisor from the index of the same letter in the 
dividend. 

Examples 

1. Divide — ISaHc^ by — 3a'■6c^ 

— 3 a- be* 

Here, the signs being alike, the sign of the quotient is + 
understood; the coefficient 3 is contained in 18, six times: 
the index 2 subtracted from 3 leaves 1 understood for the 
index of a in the quotient : b, being common to both dividend 

and divisor, is omitted in the quotient, since -r = 1 : and 

b 

the index 3 subtracted from 5 leaves 2 for the index of c in 

the quotient. 

2. Divide Ua'a/'f — Uaa/^'^—lSar^y + 6a?y by - Qxy, 
^ ^ ^— ! ^= — 2aary + ^axv^ 

H- Sx— 1 

3. Divide 2a' - 7a«6 + 7a'b^ + a^6« - 15a*6^ by 2a^ - 
8a^6 — 5a-6^ 

2a*-8a'^6-6a-60 

2a'_7a«feH-7fl'^*Ha*fc3-.16a'6na-'-2a26+3«ft* 
2a^-3a«6-6a*62 



.4a«^ + 12a»i2^ a^fc^ 
4a^fc+ 6a^6^ + 10a*63 
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4. Divide I by 1 + 2aj + ar*. 

1 +2ar + a?'0l (1 -2ir + 3«*-4«» + &c.,aJtn/ 

1 + ^x-^-x^ 



— 2a?- 


- a?« 
-4a?2-2ar» 




3a?*^ + 2a?» 

3a?« + 6ar» + 3a?* 



— 4ar' — 3a?* 
6. Divide a^+i — a»+* — a" + o"-^ by a«->. 

; -^- = a«+» —a' — a + 1. 

The indices in this quotient are obtained by Subtraction, 
thus ;2n4-l w + 1 n n— 1 

n— 1 n— 1 w — 1 »— 1 

n+^ 2 I 

It is obvious from this example that a° = 1 : 

for — ^ = »•: but -— ; = 1 .*. a" = 1. 

Examples, to be proved by Multiplication, 

6. Divide 10a by 2 : — 12aa? by 4a: 20a?V by — 5a?/; 
and — 120 a'a?Vj»^ by — Wa^a^y-z", 

Ans. 6 a : — 3a? : — 4 ar^y ; and 12ay;^*. 

7. Divide 3a»6« — QaH* + Uab'^c by 3a^; and 8a?^/ — 
Ijia?* — 16a? by 4a?. 

Ans. o- — 2a6' + Ab*e; and 2a?'y-— 3a? — 4. 

^awy — bay 4afta? — 3a^a? -f 7aca? . 

8. ' y —————— ——^——^— — J and 

a?y aa? 

— 6^-y-f4a^y--205y 

Ans. 2a — 6 ; 46 — 3a + Tc ; atid 66 — 4a + "20 

9. Divide 8aj« + 16aa? + 6a-by4a? + 2a; anda?* + a?> -f 
«/* -I- y* by a;* H- 2apy + y*. 

Ans. 2a? -4- 3a ; and a?* — a?y + y* 
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10. Divide 8 jr*y-f SdJ^y — 2a^ — 34?-y + a?bj4dr*i/ + Sxy 
— 1 ; and «* — y* by ;» — y. 

Ans. 2 a?'' — a; ; and x' +-^"2/ + ^^ + y** 

11. DividelSo?'* — 33a?'^ + 44x-35by6x-7;aud I ^a? 
by i -f a?. Ans. 3a?^ — 2a? + 6 ; and 1 - 2;p -+- 2^?* — 2x* h- <fec. 

g^ -t- ^ab + ^' . 0?" — 2a?y 4-y' . 4a^— 1 

and ^-; 

Ans.a^ + ^•^;ar*-.y»;2a*— l;anda ^►«+2 ~a'^»«+i -|- a*i". 

Miscellaneous Examples. 

1. Find the numerical values of the following expressiuus, 
when a? = 4, y = 3, and 4? = 6. 

2a? -f 6y jj 



(l.)a:' + 4t/-3«. (2.) 

.« V a?(« ~ y) z 

(3.) \ ^^ + 
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« — y 



2. Add together 5 a' A - 2 a 6-* - 3 a- &-, 2 a^-' 3- - 7 a- b 
4- 5 a ^^ j and a 6^ — arb, 

3. Subtract 2a:« — 3;c2 -|. 8a? — 5 from 5 «' -- x^ _ ^o? + 1. 

4. Multiply 4a' a?^ — 7a* a? — 3a by 2ax' — a*^; and a* -j-ab 
-r b^hya — b, 

5. Divide a* -f a?-^^ + y^ by a?'- + a?y + y* ; and x^ -f y' 
by 0? + y i and prove each operation by multiplication. 

6. Find the sum ot aX/ x -- b ^ x, 6aX/a + Sb ^ x, 
fib »/x — 7 a ^.r, and 3 a ^0? + 46 v/o?; and from (3a — a?) a? 
take (a + 2a?)a?. 

7. Separate into simple factors ar^ii^\ a- + 2a? -f- a?-; 
a;«— 1'; 4a* — 96-; j^ — 46af + 46'; anda^"*— 6*^« 

8. Divide aa^ — (a^ 4- 6) a?* + 6- by ax — 6; and multiply 
pa^ -V ^x — r by mx — w. 
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9. Express in simple factors or a; mn^m; ab^'—a; 
-- haB^ + hex* --h-x ; and — c* « — ^ x — a?. 

10. Express without brackets mn {m '\- n); xy (x — y); 
(p + r) . (/) — r); — (r 4- a v) ar; and — {x' + (« — l)}y. 

SIMPLE EQUATIONS. 

VIII. When two quantities, or combinations of quantities, 
are equal, they form an equation ; thus 4 x 3 = 7 + 5 is an 
equation. Also lO^i; = 60 is an equation, in which the value 
of a? is evidently 6, since 10 x 6 = 60 ; and, if both sides of 
the equation be divided by 1 0, we shall have i? = 6 at once. 
Again, ;i? + 5 = 15 is an equation, from each side of which if 
we subtract 5, we shall have a; = 10. Also a? ~ 4 = $20 is 
an equation, to each side of which if we add 4, we shall have 
X = 24. And ^a; = 2 is an equation in which the value of 
X is 8, since the fourth part of 8 is 2 ; and, if both sides of 
this equation be multiplied by 4, we shall at once have x = S, 

Let a?-f 2a = 8a — /2a?bea given equation. 
Add 2 a; to both sides, tlien 

a; + 2a? + 2a = 8a. 

Subtract 2 a from both sides, then 

a; + 2x = 8a — 2a. 

On comparing this with the original equation, it appears 
that the 2 x and the 2 a have each been transposed, or removed 
from one side of the equation to the other, and have had their 
signs changed. 

Now \'x + 2d? = do;, and 8a — 2a = 6a 

.-. 3d? = 6a 

and taking a third part of each member of this equation, we 
have 

a? = 2a for the value of the previously unknown quantity x. 

Hence it appears that we may transpose any of the terms 
of an equation if we change their signs, and that whatever 
we do to one member of an equation, we must also do to the 
other, in order to preserve the equality. 

Solve the following equations : 

1. « + 3 = 18 — 4«. Ans. « = 8. 

2. X -f 3a sr 18a — 4«. Ans. x = 3a. 
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4. 7 4- 6« — 4 = 12 + 3ir. Ans. a? = 3. 

5. 4 (ar — 2) = 10a? — 38. Ans. a? = 6. 

a — c 

6. aa; + c ^ a — ix. Ans. x = r. 

a+ 6 

7.-^^— 8=— 6. Ans.v = 24. 

r. ^ ,ft ,x * 3a6H-l 
8. 5 a« — I = 3a(4f 4- ^). Ans. 4? = — . 

1. A man buys a cow and her calf for 21/., and the cow is 
worth 6 times as much as the calf: what is the value of 
each? 

Let a pounds represent the value of the calf ; 
then *.- the cow is worth 6 times as much, 
.*. 6 a; is the value of the cow. 
But, by the question, the value of the cow + the value of 
the calf = 21 pounds. 

.-. 6aj + a; = 21 
thatb, 7a; =21 

.'. a? = 3 pounds = value of calf, 
and 6a; := 18 pounds = cow. 

2. A had 100/. and B 48/.; B gave a certain sum away, 
and A twice as much, and then A had three times as much as 
B had. What did A give away ? 

Let X = number of pounds B gave away, 
then2a;= A 

Now each man's whole money minus the money he gave 
away = the money he had left. 

.'. 100 — 2a? = money A had left, 
and48— a? = ... B 

But, by the question, A had left 3 times as much as B, 
.• 100-2a:=:3(48 — a?)' 
that is, 100 — 2 a: = 144 — 8af, 
By transposition, 3a; — 2a; = 144 — 100 ; 

that is, a = 44/. = B*s gift, 

and 2 a; = 88/. = A*s gift 
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3. Divide 6002. among three persons, A, B, and C, so that 
B may have twice as much as A, and G as much as A and B 
together. Ans. A lOOZ., B 200/., and C 800Z. 

4. The difference of two numbers is 7, and if 8 times the 
less number be subtracted from 3 times the greater, the re- 
mainder will be 6 : find the numbers. Ans. 10 and 3. 

5. A man and his son earn 06 shillings in a month : now 
the man's labour is 6 times as valuable as the son's : how 
much ought each to receive ? Ans. The man 4Z., the son 16s. 

6. Two persons, A and B, invest equal sums of money in 
railway shares; A gains 300Z. and B loses 450{., after which 
A's money is 6 times as much as B's : what money did each 
invest? Ans. 600Z. 

7. A line, a feet long, is to be divided into two such parts 
that, one part may be b times the length of the other : find 
the length of each part 

Ans. 7 feet = less part, feet = greater. 

Find the length of the parts when a = 20 and 6 = 4. 

Ans. 4 and 16. 



CHAPTEK II. 
PKACTIONS. 

IX. Algebraic Fractions are the same in principle as Frac- 
tions in Common Arithmetic, consequently the same rules apply 
to both. Suppose any unit, as an orange, to be divided into 
b equal parts, and a of those parts to be taken, we shall then 

have the fraction -r, just as, when we divide the unit into 



ft 
8 equal parts and take 5 of them, we have the fraction -. 

Since -r expresses the quotient of a by b, and since quo- 
tient X divisor = dividend 

.«. - X 6 = a ; 



that is, if we mtdtiply a fraction by its denomkiator, we obtain 
its numttrator. 
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Multiply each member of the equation by », tlien 

no X r- = na 
b 

a na 

b nb' 

that is, the value of a fraction is not altered by multiplying 

both numerator and denominator by the same quantity. 

na a 
Cor. ',' — - = -, /. the value of a fraction is not altered 
nb b 

by dividing both numerator and denominator by the same 
quantity. 

Bxamples. 

1. Multiply I by 2 ; I by 12 ; -|^ by 16 ; and -^ by 5 x. 

- X 2 = a?, •/ twice the half of anything = the whole of 
that thing. 

X 12 =4 a?, *.• 12 times the third of anything = 12 thirds 
3 

= 4 times the whole of that thing. Hence, when we have 
to multiply a fraction by a number, we may, if we can, pre- 
viously divide the multiplier by the denominator. 

-^ X 15 -. 6 V, ••• 15 times -=--- = 6, or •.• 15 — 5 
6 5 5 

= 3, and 2y X 3 = 6y. 

Sy „ 16«y _. 3 15 , 

-^ X 5;i? = — T-^ *.* 5 times - = -—, andy x x =^a}y, 
4 4 4 4*^ ^ 

2. Multiply- ^- -7" ■" ¥ ■*" 8 "" 12 ^^ 

results. Ans. 8aj + 18 j: — 20x + 9a? — 14a: = a?. 

3. Multiply ^-^ - ^ - ^ ^ !i^ - ^-?^ by 20. and add the 

2 5 4 lU 4 

results. Ans. 6y. 

. ii;r , . 1 ^ "^ i_ ^ 9 3 by 8 a;, and add the 

4. Multiply ^ +0 '. h- 

^^x Ux Sx 4ar 2 

results. Ans. 1 2 a?— 11. 
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6. Multiply f + -^ . H- 8 by 10 x". 

Ans. ar* + SOar^ + 50a? — 20. 

These examples will aid the student in clearing eqaations 
from fractions. 

GREATEST COMMON MEAaURE. 

X. A me(Mure of a quantity is any factor which will divide 
it without remainder: thus 2 is a measure of 2a; ax is a 
measure of a ^'- ; a + ^ is a measure of (a + li) a. 

A common measure of two or more quantities is any factor 
which will divide them all without remainder; and their 
greatest common measure is the greatest factor which will so 
divide them : thus a is a common measure of 2 a, 6 d^x, and 
^ax\ and their greatest common measure is* 2a: also 3 (a-f &) 
is the greatest common measure of 6 (a + 6)^, 9 (a* — h') and 
12 {a' - W\ for 6(a + if = 6 (a + *) . (a + b\ 9 (a« - ¥) 
= 9 (a + h)(a^hy and 12 (a +b') = 12 (a + i)(a'^-a6+iO 
where 3 (a + ^) is evidently the greatest common factor. 

This mode of proceeding, by separating the quantities into 
their simple factors, will frequently enable the student to as- 
certain the greatest common measure. 

Examples, 

1. Find the g. c. m. of a?- + So: — 3 and a?* + 5 ;t7 -f 6. 

^+2a?— 3= d?^ 4-34?— a?— 3= (a? + 3) a? — (or + 3; 

= (x4-3)(a;-l) 

X' + 6 a? 4- 6=fl?'- + 3a?4-2a? + 6 = x{x + 3) + 2 (a: + 3) 

= (or + 3) (a? -r 2) 

.•. a? -f 3 is the G. c. m. 

Ifa?*^ + 2a?— 3 and a?' H- 5 a? + 6 were the two terms of a 
fraction, it could be reduced to its lowest terms by dividing 
both numerator and denominator by the greatest common 
measure a? + 3 ; thus 

a?'+2a?-3 (a? -f 3) (a;— 1) «-l , - . 

— z=z\ -f-^ -^= x,the fraction in 

a?^+5a?4-6 (a? + 3) (a? + 2) a? + 2' 

its lowest terms. 
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2. Find the g. o. m. of - .. . » j— , and reduce the 

fraction to its lowest terms. 

jri^Qgfi + lld?-6 _ ar" — fl?^ - 5ar^ + 6d? 4- 6a?— 6 

a?' + 4 a;'^ + a? — 6 ■" ar* — a?' + 5a?^ — 5a? + 6a? — 6 

_ a?^(a?~l)~6a?(a?-l) +6(a?-l) 

■"a?-(a?— l) + 5a?(a?-l) + 6(a?— 1) 

_ (a? — 1) (a?- - 5a? + 6 ) _ a?"- — 6a? + 6 

■""(a? — 1) (a?^ -h 6a? + 6) "" a?- + 6 a? + 6 

= the fraction in its lowest terms, apd a? — 1 = g. c. m 

ar^ — g^j. -f. 20 a?^ — 4a? — 6a? -t- 20 



3. 



4. 



5. 



af2 4- 6a? - 56"'a?2 - 6a?-|-lla?— 55 

_ a?(a? — 4)- 6(a? — 41 _ (a? — 5)(a? — 4) 

'~a?(a? — 5) H- 11 (a? — 5) ""(a? — 5) (a? + 11) 

a? — 4 

= --■ =the fraction in its lowest terms, 

ar + IJ 

and a: — 5 = G. c. M. 

a?* — y* (a?'4-y)(a:' — y) 

a^ ^ t/ 

= — ; ? = the fraction in its lowest terms, 

ar — y* 

and a?^ -f ^ ^ G. c. m. 
a6 H- 2 «« — 3 6' — 4 Jc — oc — c^ 



9ac + 2a^ — 5a6 + W + She — 12ft- 
__2a^ + ac4- 3aft — Saft — ftc — Sb^—^ac — c* — 36c 
""aa'^— Soft + 8ac + ac-46c + 4c- -h3a^-12ft- + 126c 
_c*(2a 4- c + 36) — 6(2a + g->- 86) — c(2a -f c + 36) 
'~2a(a— 46 +4c) H-c(a-46 + 4c) + 36(a- 46 + 4c) 
^ (a — 6— c) (2a + g 4- 36) __ a — b — c 
~(a — 46+ 4c) (2 a + c + 36) " a — 4 6 + 4c 
= the fraction in its lowest terms, 
and 2a + c -f 36 = g.c.m. 



J 
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XI. A quantity is a multiple of another when it contains 
that other a certain number of times without remainder : thus 
6a is a multiple of 2a; n^; is a multiple of a. 

If a quantity measures another, it will also measure any 
multiple of that other. Thus, suppose b measures a by the 
units in m, that is, let b be contained m times in a, then 
a = mb, and let na be a multiple of a, then na = nmb; 
hence b measures na by the units in nm. 

If a quantity measures two others, it will also measure 
their sum and difiPerenoe. Thus, let a measure a by the units 
in m, and b by the units in n, then a == mw, and b=na; 
.'. a ±: 5 =: ma? d: na? = (m ± n) a?: hence a measures their 
sum (a + b) by the units in (m + »), and their difference 
(a — b) by the units in (m — n). 

We can now investigate a general rule for finding the 
greatest common measure of any two numbers. 

Let the numbers be represented by a and 6, a being >b. 

Suppose b is contained in a, p times with remainder c, then 
a =:pb + c; 

Suppose c is contained mb, q times with remainder d, then 
b = qc -\- d; 

Suppose d is contained in c, r times with remainder 0, then 
c = rd. 

b) a (p 
pb 

c)b(q 
qc 

d)c(r 
dr 



Now *.* d measures c, ,\ d measures qc, and qc ^ d, that 
is, b; 

.*. d measures j9 5 and pb + c, that is a. 

Hence the last divisor d measures both the given numbers 
a and b. 

d is the greatest common measure of a and b : 
for suppose ^ to be the greatest common measure, then 
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'.* S measures a and b r, ^ measures a and p , and a-- pb, 
that is, c; 

.'. ^ measures qc, and h — qc, that is, d. 

Hence .' ^, the greatest common measure of a and h^ mea- 
sures (f ; 

and '.* (f is a common measure of a and 3; 

and also *.* the greatest number that measures d must be 
equal to d\ 

,'.l^di 

.'. the last divisor d is the greatest common measure of a 
and b. 

Hence the rule maybe thus expressed : *' Divide the greater 
number by the less, and that divisor by the remainder, and 
so on till nothing remains ; the last divisor will be the greatest 
common measure.'* 

This rule would apply to the examples in Art. X. 

LEAST COMMON MULTIPLE 

A common multiple of any quantities is a quantity which 
contains them all without remainder, and the least common 
multiple is the least quantity which so contains them. 

Let m be any common measure of two quantities a and h, 

a b 

let— = », — = ^; then by multiplication 

ab ab 

— 2 = ^^^'"" '^mpq^s^aq or bp, 

ab . 
.*. — IS a common multiple of a and h. 
m 

But when m is greatest — is least ; that is 

m 

ab 

= the L. c. M. of a and b. 



G.G.M. 

Hence, to find the least common multiple of -two quantities, 
we may divide their product by ihe\r grea tent common measure, 
A similar proof will apply to any number of quantities. 
The L.C.M. may generally be found by inspectfon. 

1. Fmd the g. c. m. of -—, — ^ ~^, and reduce 

the fraction to its lowest terms. 

Here since 4 a?* is not contained in Sx\ we multiply the 
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numerator by 4 before commencing the division ; the factor 4 
being introduced into only one of the terms, will evidently 
not affect the greatest common measure. 

4^--a?i/ — 3y»)iaar^ — lQ.Ty+ 4j?y' — 4^X34?— 9y 

ISar*— 3aj'y- 9a}y^ 

— Qxy-i-lSxy^— 4 y' Multiply by 4. 

— 36ar-y+6-2d?y^ — 16y» 

— 36a;2y+ 9ary"^ + 27y» 

43afy* ^48y' 
Reject the factor 43 y^. 

«— y)4a?' — a?y — 3y'(4a? + 3?/ 
44?'^ — Axy 

Sofy — Sy^ 
dxy-Sy' 

Hence « — y is the o. c. m., and dividing both terms of 
the given fraction by it, we have 

3i»* — 3^^y H- xy^ — y' 3a?^ -h y- 



4aT"^ — a?y— 3y"^ 4a? + 3y 



Ans. 



2. Show that ^^-^-^-^^--^_^p^-^^. 

(ar-^-a?-")(a?' + l) ar"^(x^- l)(a?"+ 1) x-^(ar^ + 1 ) _ 
(a? -ii:-»)(4J» + 1) ^an*(a?*- !)(«« + l)""d?-^(a;^ + l)" 

r Ans. 

a: -f a? ■ 

Find the a. c. m. of 

1. a?* + a? — 2 and fl?^ + 2a? — 3. Ans. a? — I. 

2. 6a*-Mlaa?H-3ar^and6a*H-7aa;— 3a?*. Ans.2a + 3x. 

3. Sa^P — lOai^ + 26* and 9a*& - 9a' 6^ + 3a^6^ — 3a6*! 

Ans. a5 — 6^ 

4. x^.-i-2a?*+2ap + l andar — 2a?— 1. Ans.«+l 



9« 
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5. 2 J?* — jry — 6y% and 34?^ — Swy H- 4y-. Ans. 9 - Hy, 

6. 2a?» — 3«^— 2«H-3, andSd?* -h Sa;'— 20?^— 2aT— 1. 

Ans. «"' — I 

Redace to the lowest terms 

7. r — and :; — ■ ^ Ans. and 






ia+bf 



and 



a;* — t/^ a?— a «H-y 

(a + W , a^-ab-\-b' , (a+6)* 

^ Ans. z — and ^ A. 

a + b 



a- — 6- 



a 



9. 






and 



« 



s» 



+ a 



P.M 



fl.2-. ^ ^ _ 2 * 



Ans. T^ r and - 



fla-l 



a"^ + '2 



10. ^ ^y ^y t- jT ^^ ^7 ,^ f , ~. 

a?— y , 3x2 + 9a? + 5 
Ans -: — ^„ and 



a? ^ + y" 



6a?» — 2a?' — 6a; 



ADDITION. SUBTRACTION, MULTIPLICATION, 
AND DIVISION OF ALGEBRAIC FRACTIONS. 

Eaamjples. 
1. Add together — - — and 



3 



2a? 



Here the least common multiple of the denominators is 
6 a?, and the two fractions can be reduced so as to have a 
common denominator by multiplying both terms of the first 
by 2 a?, and both terms of the second by 3; thus, 



iia^5 2a?_ 4a?^-~10a ? 
3 ^2^— Ox 



a?-l 
2a? 



3 



3a?— 3 
6x 



4a?g-7a?-3 
6a? 



=the sum. 



2. Find the sum o^Q*""Q^+r<^» 7^'~i^~'a^ *"*^ 





» 




ADDITION, ETC. 






»9 


1 

a* 


■h 


n- 


6 

^ = 12^ 


60 ^ 


6 

30^ 






i 


1 . 


1 


3 


12 j; 


10 






r 


-5* 


3 


^ = 12' 


s 6 — 

60 


30^ 




. 


1 

8" 


1 . 1 

+ 4.* + 2 


4 
^ = 12- 


15, 


15 
30^ 


= sam 






13 
••• 12 


-i>- 


11 
30^ = 


reqairnd 


I. Of 


5«' 
2 


3 


3 


+ ?»^ 


7ar* 
4 


8y» 




2 


3 


^ 


12 


6 








40?^ 6/ 
3^2 


= — 


16a?'' 
12 ' 


15y^ 
6 








7ar- 
4 


32/^ 
2 


= 


21ar» 
12 


9y« 
6 









.-. -1^* - 7f^' = a}i^ - Hf - sum. 



12 



6 



4. Collect 



-h 



1— J? 



4(1-0?)=* 8(1 -a?) ' 8(1 + «) 4(l-h«)» 

into a single fraction. 

Taking the second and third, and reducing them to a 
common denominator, 



X 



l+a? 8 + 3« 



8(l-<r) 1 +a? 8(l-.a?-) 



l—x 



l-a 



2H-aj 



4 + 2dr 



8(1-0?) 4(1-0?-) 



-xby 



8(l + «) l-« 8(l-a;0 
addition. 

Taking the fraction just found and the fourth, and reducing 
them to a common denominator. 



Q4 FRACTIONS. 



/ 



4(l-;r'0 1+^ 4(1-0?^ I S^^HS^-H 

4(H-a?) ^ 1-a?*^ "* 4(1-4?') j 
Bubtraction. 

Taking the fraction last found and the first, and reducing 
them to a common denominator, first finding the least common 
multiple, that is, dividing the product of the denominators 
by their g. o. m., 4(1 — a?), 

4(l-a;))4(l-i»)'4(l-«^)(l-fa?) 

(l-a?)4(l-aj^)(l+a?'') = 4(l-d?)(l-a?0=LC-M. 
3 1 -h a; + d?^' + ;g^ _ 3 -I- 3 j; H- 3a?' H- 3 j?^^ 

4(l-a?)2 ^ l4-a? + a?' + a?» "^ 4(l-a?)(l— ^ 

1 + 2a? + 3a?^ 1 ~a? _ 1 4'a?4-a?^~ 3a?^ 

4(l-a?*) ^ l-a;"4(l-a?)(l — a?*) 

4+4a?4-4a?* 1 -f a? — a^ , ,,,. 

4(l-;r)(l-^) = l-^-^' + x *>? '^•*<*''^<«'- 

5. Find the difference between a + b and -. 

2 2 

2a 2* 

a ^ 
2 "2 



.• - -f — = difference required. 

6. Find the difference between o + r — t and — ^ 

3 2 4 4 8 

a 6 c 4a 65 2c 
3"^2""4'"12""^12""¥ 
a + 5 c 3a 36 c 
"1 8"l2 "^ l2""8 



a Sb c a + 35 c 

12"*" 12 "8 """"12 8* 
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7. Find the sum and difiference of r and 



« — 2 « — 8 



X 



a? — 2 a?— 3 «^- 5a? + 6 
X 



-p— 3 a? — 2 a?'— 5a? + 6 

2a?'— 6a? 

.'. by addition r = the sum, 

^ a?— 5a? 4- 6 

— a? 

and by subtraction — ; — j. = the difference. 

^ a?*— 6a?4-6 

4a?^— 1 2a; +1 2a^ (a + iV 

8. Multiply — g— by ^^— ^ ; and -^^-^, by -^^ 

4a?^ — 1 2 a? + 1 _ (2a? + l)(2a? — 1) 2 a? + 1 
8 ^ 2^^rT"" 8 ^ 2a?-l 

_ (2a? + 1) (2ar + 1) _ 4a?^ + 4a? H- 1 
"■ 8 ~ 8 • 

,i«-6a ^ 46-a^ "■ (a + fe)(a - 6) ^ 26^ x 2a» 

a +b 



9 



262(a-*y 
1 

J 1 

g + 1 , '^a _ a + 1 . *g + 1 __ « + 1 g6 
"T" • "1 T" • g6 6~'^a + l'"'* 

\a bj \a 0/ ah ah 

6 + g ah 6 + g 

ah 6 — g 6 — g' 

* Thif if obtained by multiplying both tennf of the diyiior Iqr a. 
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10. Multiply -5 — 7 r^ r by =. 

ae^'-ax — hx + a6 __ «• — ia? — aa? -f a3 

«' — ax '\- hx — ah x' t bx — ax — ab 

x(x — ft) — a(x — ft) (a? — a) (a? — ft) _ a: — ft 

a?(a' + ft) — a(a? + ft) (a? — a) (a; + ft) a? + ft 

, a? — ft a? + ft 

and T X : = 1. 

a: + ft a? — ft 



1 1 . Collect into one expression 



a" a-'-^ft^ 



(a 4- ft)" (« -h ft)"~' 
a— ^ft^ 



(a + ft)'-»' 



Here •.* (a + ft)" is the l. c. jh. of the denominators, we 
take the second and third fractions, and reduce them to the 
denominator (a + ft)** ; thus 

o"-»ft2 a + ft a"*-' ft'^ + a-'-^ft' 

X 



(a + ft)""' a + ft (a + ft)" 

(a + ft)"-'* ^ (a + bf " (g + ft)» J 

= : TT by subtraction, 

(g + by ^ 

and prefixing the first fraction, we have 
a-»— (g"-*^. g«-8ft)ft3 



(a + ft)* 



=s the expression required. 



Examples in Addition of FracHam, 

X ^x Sx ^Sx 11 

1. Add together - , — and — . Ans. — - = a? + —a?. 

^ 9« . 8a? . 7a? , « a 

2. -r- -h TT + tt; ; and 



6 2 10 g + a?a — a; 



13aj .g^ + Saaj — «* 
Ana. -^; and— ^j— ^— , 



J 
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„ 3a' aa 8A . x x 

3. -?;t + -r- + r- ; and + 



26 6 ' 7a af + 3 a? - 3 

105a' + 28a'feH- 3062 ga?^ 

^°s. ZTT-T ; and -J 



70a6 ' iP^-9 



, a + 6 a — 6 • 2;i? 1 

4. r + — -7 ; and ; :, + 



a — 6 a+i 1 — «' x '\- i 

a — J — X 

^ g^ + a6 + h^ ^ 6'- , a?-l ^ 1 
5. —7 h 7 ; and -— — + 



a -^ h a — h x^ •\' x -{■ I a?— 1 

a(a- + 6-) ^ 2a?'^ — a? + 2 

^^^^•"b^ — aT^' *°^ — 15 ^i ■ 

a — o X — 1 

^ X y I - a 1 a 

6 -t:^ ^ + -4- + ; and ; + — — + 



ai' — y «H-^ ^•— y 1— a l+« 1+a 

Ans. / ■; '^ ; and- . 

x^ — y^ I — a 

Sxamples in Subtraction of Fractions. 
1. From — take -; and from ^^ ^^ take ^-^-^. 

Ans. ~ a ; and — -. 

o 8 

6y + '3 2y + 1 , ^ 6jy~3 3^+a 

^< _, "" _ • and - ^~ _ . 

7 , 8 a? + 1 x^l 

Ans..^;and— ^-3— . 

^ a + 26 a— 26 , 1 1 

3 rrr TTr', and 



a ^ Hb a + 26 « — y «+y 



. 8a6 , 2y 

Ans -5 — -^; and 



a8-46«' """«2-.y«' 



1 1 ,2«*— 2d? + l « 

; and 



* y — « y^ — «* «*— a: a?— 1 

Ads. =^—3 5- ; and 1 ^. 

od 
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ar — x + l 2 .a a^ 1 



;»— 1 i» + l' (1— «)* (l-a)*^l— a 

^c'* — 2^ + 3 l—a — a^ 

Ans. ^,^^ ;and^^^-^. 

t±t^JL ?L.. andl ^ L^ 

Ans. ; and 1 — 



^+5'* (^ + 2/) (^ — j'f ' 

1 Sm + iin 1 3w — 2n . I2wn 

7 - . T t: t: . ;: :r— . Ans. 



2'3w — 2n 2*3m4-2n '9m^ — 4.n^' 

8. ::= — 7 — -r-7~T ;; — r + :::r-vT- ^^^s. a?^" + 2. 

af— 1 a?" + l a?" — laj*4-l 

Examples in Multiplication of Fractions, 

,,,.,3a, a ,2a?, ^rt/* 
1. Multiply— by-; and — by -y. 

. 3^2 ,a?2/ 
Ans. -r--;- ; and 



20' 9 

2. X — r-^; and — 5— x — —r. 

X — y 8 3 a?+l 

Ans. — -- — ^; and 2 a (a? — 1 ). 
4 

a^ — J2 I ^ ,16;^ — 30 ^a^ 

3- X — rX X 1' ^^ — S -< I 77^- 

a a-^h a — h ^z 6;?— 10 

Ans. 1 ; and - z. 

.4. i^ r^ X ^ ^ ; and ( m + 1 ) x 

y* a?— 1 \ m J 

(m-i hi)- Ans. ; andm*H- 1 4--T. 

\ m J y m* 

V x)\y x) 9a;*— y2 2a;^— 1 

a?*-y* .a«* + l 
Ans. o ; and --^j . 
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•'• 1 -:; i — «^ — d?M X -— . Ans. 

Examplen in Division of Fractions, 
1. Divide — by — ; and r by 



a — dT 



h 3n 2af— {id?— 1 

Ans. - m*^ ; and --. 
S 4 

4a + a . gg + l . „„,, ( P + y)- . ^ + y 

3 6 a a? — y [po -^ yf 

Ans. -^ ; and «* — y*. 
o 

Ans. ; and a?^ - — . 

« — 2 a? 

, ar* — 3a?'a + Sflja' — a'' x — a . ^ ., 

4. = . Ans. (x — a r. 

a? + a 0? + a ^ 

1 
6.(^^+2+1)^1^ Ans.^^^" 



(' * i)- 



Find the value of x in the following equations. 

1. 3.r + 4 = ^f_±i + 8. Multiply by 2. 

6j: + 8 = 6a? + 4 + 16 Transpose. 
6;c— 6a? = 4 + 16 -8 

.-. 0? = la. 

2. ! 6 = -. MulUply by x, 

X X 

30 + a? — 6 a? = 6. Transpose, 
a?— 6a?=6 - 30 
— 4« = — 24. Divide by — 4* 
•'. j; = 6. 



30 
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^ w_ *6;ir-f4 ^ ^ *8^— 2 Multiply by 6, the l.o.m. 
'2 3 3 * of the denominators 

3d? — 1 Od? — 8 = 42 — 16a? + 4. Transpose. 
8ar — lOd? + 16;i? = 4S + 4 + 8 

9a =: 54 
.•. a; = 6. 

• a?+ l'^2a? + 2"^"^3T""^^- 
„ 6a?— 6 6(^—1) , 

® x'-^ 1 ~ (a? + 3)(a?— IV ® equation becomes 

2 5 6 21 

^TT"^2(a?+l)+iTT"T- Multiply by 8 (a? +1) 

16 + 20 + 48 = 21 (a? + 1) 

84 = 21 (a? + 1) 
4 = a?+ 1 
.'. 3 = a?. 

ax -^ b ax '\- b ^ax -{- d b ,,,.,, 

- . ^, 2aca? + ^bc 

2aa? + 23 + --^— = 2aa? + 4 + 23. 

ca? + 3 

*.• 2 a a? and 23 are found on each side of the equation with 
the same sign, they may be omitted; and the equation becomes 

^acx -\- ^bc 

— T — = a. Multiply by ex -f b. 

^acx + 23c = cdx + 3d Transpose. 
^acx — cdx= hd—^hc 
(^ac —cd)x= 3fl?— 23c 

3J— 23c 



•. a? = 



2ac— cd' 



* The sign — in front of these fractions changes the signs of their 
namerators; for it indicates that each fraction is to be tubtracUd from the 
quantity preceding it. 
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0- ,^ + ,^ = — ; — + 



10 12 6 • 22 

7j! -4- — 
„ ^2 J4a?H- 13 

Here ,^ = — . 

10 20 

_ 3 
11 ^ ^ ,, 2a?— 3 



44^— 2;i?+ 3 



12 12 48 

42a? H- 3 14iP + 1 



43:1? — 



48 "■ 16 • 
3 — 8a ? 

2 86a?— 3 + 8a? 94a?— 3 



22 44 44 

Hence the equation becomes 

\\x + 13 14a? H- 1 _ 3ar + 1 94a? — 3 
20 ■*■ 16 "" 6 ■*" 44 * 

Multiply bj 880, the l. c. m. of the denominators. 

616a? + 672 + 770af t 55 = 528a? + 176 + 1880jr — 00, 
1386 X — 2408a? = 116 — 627 
— 102-^a? = — 511 

„ 511 _1 
— 1022 2 

Prohletns, 

1. Divide 100 into two such parts that, if the one be 
divided by 15 and the other by 5, the sum of the quotients 
shall be 10. 

Let a? be one part, then 100 — a; will be the other. 

^^ a? ,100 — a; , ^ 

Now 7" and are the two quotients. 

15 5 

X 100 — a? 

Hence, by the question, -- + = 10. 

Jo 
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/. Multiplying each side by 15, 
a -^ 300 — 3d? = 150 
- 2d? =c 150 — 300 
= -150 
.-. d? = 75 = one part, 
and 100 - d? = 100 — 76 = 25 = the other 
Or thus ; let x and y be the parts, 

then a? 4- j^ = 100 (1) 

and -^ + f = 10 (2). Multii)ly by 15. 

It) 



^ + ^^=;;^i Subtract. 
= 100 ) 



(1) «+ ^ 



2y = 50 .'. y = 25 = one part. 
(1) a> = 100 — > = 100 — 25 = 75 = the other. 

2. A person in a foreign town wishes to exchange a sove- 
reign for 25 pieces of the two kinds of coin used there ; and 
he finds that 30 of the one, or 15 of the other, are equal to 
a sovereign. How many must he have of each ? 

Let j: be the number of one kind, 

and y the other ; 

then a: +5^ = 25 (1) 

coins, coins. f>hill. shill. 

2d? 
30 : d? : : 20 : — =• value of the d? coins. 

o 

15 : y :: 20 : Y = y ... 

2d? 4 y 
Hence, by the question —- 4- -^ = 20 shillings ...... (2) 

Multiply (2) by 3, ^d? + 4y = 60 ) 
Multiply (1) by 2, 2d? + 2y = 50 J ^""^^^^ 

2y = 10 ..5^ = 5 

(1) df = 25 - 2/ = 25 - 5 = 20 

Ans. 20 and 5 
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8. A person lays by ^th of what he spends. His income 
being diminished, while his expenditure remains the same, 
he finds he now lays by only half the former sum. What 
part of the original income was the diminution? 

Let ^x pounds be what he lays by, 
then 8^ is spends; 

.\ 2 j; -f 8a? = lOo; = his original income. 

Again 8^ is still what he spends, 
« lays by; 

\ So; + « = 9a? ss his diminished income, 
.'. 10a? — 9a? = 0? = the diminution, 

Hence — r- = -- = Ans. 
lOo? 10 

4. A performs a journey at a certain rate ; had he travelled 
\ a mile an hour quicker, he would have performed the jour- 
ney in f of the time ; but had he travelled ^ a mile slower, 
he would have been ^^ hours longer on the road. Find the 
distance and his rate. 

Let X miles be his rate per hour, 
and y miles be the whole distance, 

y 

then - is the number of hours the journey occupies. 

X 



^x^ 1 . 
2 



Now a? H- J or — ~ — is the increased rate ; 



So? + 1 2v 

•'• y H ;^ — or- — ^— r is the hours he would be on th 

^ 2 2a? + ] 

road, by travelling ^ a mile an hour quicker. 

Hence, by the question, .y~ "T ~ r* (^) 

/B X "I" -i 0? 

Again, x — i or — - — is the diminished rate ; 

.'. w -7- ■■ — ;; — or ' — ^—7 is the hours he would be on the 
2 2a?— 1 

road, by travelling j a mile an hour slower. 

3 
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Hence, by the question,- — ^—r- = i -f aj (2) 

Divided) by 2y.^-^ = ^^ 

Substitute this value of a in (2) 

2y =?4-£ 



4—1 9 ' a 

^ = | + |. Multiply by 6. 

4y=3y + 16 

4y — 8y = 15 .-.5^=15 
Ann. Distance = 15 miles; rate = 2 miles per hour. 

^. A hare is TiO leaps before a greyhound, and takes 4 leaps 
to tlie greyhound s 3, but 2 of the greyhound's leaps are as 
much as 3 of the hare's; how many leaps must the grey- 
hound lake to catch the hare? 

Let X = the number of leaps. 

3^ / The number of leaps the hare takes 
2 : « : : 3 : — as < from the time she starts till over- 

'^ \ taken. 

^^ i The number of leaps the hare takes 
8 : 4? : : 4 : -r- = | from the time the greyhound 

^ \ starts. 

3a; ^^ 4iC 
Hence -r 50 = — 

9« — 300 = 8a; 
X = 300. Ans. 

tt. A person in play lost a fourth of his money, and then won 
back 3«., after which he lost a third of what he had left, 
and then won back 2«. ; lastly, he lost a seventh of what he 
then had, and after this found he had but 12«. remaining: 
what had he at first? 
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Let X = the money he had at first in shillings, 

then 7 Le tost, 
4 

X do?. - 1 , • 

^ -i. = he had Lm, 
4 4 

.'• -— + 8 or he bad after he won 3«., 

4 4 

X -(• 4 

he lost the second time, 



4 

8^+12 ___ a? -f 4 _ 2a? + 8 _ a? + 4 
4 4~ 4 "~ 2 



he had left. 



a; -I- 4 a? + 8 

— r h 2 or — - — he had after he won 2« , 

hence — --— he lost the third time, 
14 

a? + 8 a? + 8 7« + 66 05 + 8 6a?-f48, , ,,^ 
-2 14-^^-14 14-^ jj— he had left. 

^x + 48 
hence — — — = 12 bv the question, 

ar + 8 
or t-2— = 2 
14 

a; + 8 = 28 
/. a? = 28 — 8 = 20*. Ans. 

7. A company of foot march 1 1 65 of their own paces ahead of 
a troop of horse ; now. if the foot take 5 paces to every 4 of 
the horse, but 3 paces of a horse be equal in extent to 4 paces 
of the foot, how many paces will the horse have marched be- 
fore they overtake the foot ? 

Let X be the number of steps the horse must take, 

hone steps horse steps foot s^ps foot steps 

1 « , 4a? 

then 8 : a? :: 4 : -— 

= number of footsteps the infantry march from the time 
they start till overtaken. 
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i 



hone steps horse steps foot steps foot steps 

4 : X : : 6 : -— 

4 

s= number of footsteps the infantry march from the time 
the cavalry start " 

4tx hx V 

o 4 

16a;— ]3980 = 150? 

16^;— 15a? =18980 

.-. X = 13980. 

8. A waterman finds by experience that he can, with the 
advantage of a common tide, row down a river from A to B, 
which is 18 miles, in an hour and a half; and that to return 
from B to A against an equal tide, though he rows back along 
the shore, where the stream is only three-fifths as strong as 
in the middle, takes him just two hours and a quarter. It is 
required from hence to find at what rate per hour the tide 
runs in the middle, where it is strongest. 

Let X =s the rate per hour the tide runs in the middle, 

"dx 

then — - = at the side. 

5 

1 8 
And — = 12 miles = the rate per hour he can row in the 

middle, with the advantage of the tide ; 

.-. 12 — 0? = the rate per hour he can row without the tide. 

18 
Again, — = 8 miles = the rate per hour he can row 

against the tide at the side; 

8j? 
•. 8 -»- — = the rate ho can row without any tide 

8a? 
Hence 12 — a: = 8 -f -- 



60 — 5a; = 40 + 3ar 
8a? = 20 . 

a? = 2^ miles = the rate per nour 
the tide runs in the middle, where it is strongest. 



\ 
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Exercises in Simple Equations, 

^ 3a; — 4 a? a? , 

8. 5;r-^+-»=Il+15_8. * = 6. 

11 2 

4. - + 2 = -. a? = 8. 

7. a = 6- — Y"' * = — ;• 

ajc ooi ao 

^ a (b- + X') a ' b 

ox c 

Problems. 

1. Ten years ago a boy's age was -j^j of his father's, but 
DOW it is i of it ; what are both their ages? Ans. 15 and 60. 

2 If from three times a certain number we subtract 8, 
half the remainder will be equal to the number itself di- 
minished by 2 ; what is the number ? Ans. 4. 

3 If to the numerator of a certain fraction we add one, its 
value will be ^, but if from its denominator we subtract one, 
its value will be \ ; what is the fraction ? Ans. ^. 

4. £132 is to be divided between A, B, and G, so that B 
will receive ^ as much as A, and C | as much as A and B 
together; find the share of each. 

Ans. A £40, B £32, C £60. 

5. A, having a certain number of sovereigns in his purse, 
and meeting two of his creditors, B and C, gave to B -^^ of 
the money, and to C 4 of the remainder ; he then found that 

he had left exactly eleven pounds ; what money kad he fit 
first? Ans. £110. 

6. A grazier spent ^ of his money in horses, i in oxen, 
and -^ of the remainder in sheep ; after which he found he 
had £98 left; how much had he at first? Ans. £210. 
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CHAPTER III 

INVOLUTION 

XII. Involution is the raising of a quantity to any required 
power by multiplication. 

Thus, a X o = a^ X a' = a*+i = a- = the 2nd power, or 
square of a. 

a X a X a = a^+^+^ = a*' = the 3rd power, or cube of a. 
a X a X a X a ,.. to w terms = ai+i+i+i+ &c..tontenn8 -« ^«, 

Again, a^ x a^ x a* = a2+2+2 = o«>«3 = (^?)3 ^ ^. 

a" X a" X a"... tom.terms = a"+«+»-*<>"'«^» = ««><*» =«'"". 

Hence, to find any power of a quantity, we multiply the 
index of that quantity by the number indicating the power to 
which it is to be raised. 

*/a X s/a = a* X a^ = a*+* = a^ = a, 
Xfa X V« = «* X a» = ai+* = a' = \Ja^, 
V« X V« X >/« = «* X a* X a* = a*+*+* = a* = */«^- 
(— a)* = — a X — a = a-, 
( — a) * =— ax — ax -~a=- ^ct^^ 
(— a)* = — a X — a X —ax — a = a\ 
&c. &c. &c. 

Hence, ^c^n powers of negative quantities are positive ; and 
odd powers of negative quantities are negative, 
(a + ^f = (a + i)x(a + ^) = a2 4-2ai + fe2 

(a-6)2 = (a-3)x(a-5) = a2-2a5 + *^ 

^a + ft)^ = (a + ft)x (a + 6) X (a H- ft)=aH3a2 6-|-3a*^H-ft> 

(a-5)^ = (a-5)x(a-ft)x(a-6)=a'-3a-6-|-3a62— ft^ 
= a'' — 6' — 3a5(a — h). 

Hence, by the last two formulse, the cube of the sum of 
two quantities is equal to the sum of their cubes -f three 
times their product multiplied by their sum. 
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The cube of the difference of two quantities is equal to the 
difference of their cubes — three times their product multi- 
plied by their difference. 

(a + «. + c)« = {(a -f i!^) + (;P = (fl -4- *)« + Q(a + 6)f + c2 
= a^ + ^ab J- b' -f Sac + ^bc -f- c^ 

(a + 6 + c + (/)^ = {(a + 5) + (c + d)\^ = 

(a + bf + 2 (a + *) (c + fl?) (c + df. 

(a + 6 - c + (/)^ = {(a H- ft) - (c - d)Y = 

(a 4- 6)* - 2 (a + ft) (c - rf) + (c - rf)^ 

Examples, 

1. Show that (a — ^aif z=za^ — 4ad? + Xa^ 

/ l\^ 1 

2. (a? + i)=^" + 2 + -. 

\ X/ X" 



3. (*+f) =^'+;'« + J. 



4. (2x - 8y)' = 4;iJ» - I2a?y + 9/. 

5. (2a?~lf = 4ar* — 4a; + l. 

6. (a + ft)^ = a* + 4a'ft +.6a'ft« + 4<»ft' + ft\ 

7. (a — «)* = a* — 4.d'x + Ca^x^ — 4adf' + x* 

8. (x-hyr=«'+ 5arV+ lOary + lO^y + 6^y* + y\ 

10. (^+y*)' = « + 2a:V+^ = a? + 2v/^-f-5^. 

11. (a:- -•y)' = a?- — 2«>/y-!-y. 

12. {x'y -h ^/^)- = *y 4- aoj^y* + y. 

13. (a;*-y)'» = a^— 3aj»y* + 8a:y — y. 

14. (x+ l)4 = af*+4ar'^4-6a?*-|-4a; -h 1. 

15. {(a + ft)* - (a - ft)*f = 

?ft - 3 (a + ft)* (a - ft)* {(a + ft)* - (« - ^)*}. 

EVOLUTION. 

XIII. Evolution is the extraction of roots. 
The square of a being d\ the square root of d^ is a. 
The cube of a being d\ the cube root of a^ is a. 
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The square root of a is >/a, or as *•* >/^ x s/a =a, and 
a^ X a^ = a^ = a^ ^ a. 

The cube root oi aislja, or a'. 

I 
The nth root of a is V^» or a^. 

The cube root of d^ is \/a-, or a* 

n 

The mth root of a" is l^a", or a». 

Hence, to find any root of a quantity, we divide the index 
by the number indicating the root required ; 

•.* 4- a X + a 3= + a^ and — a x — a = -h a^ 

.*, y/d^:sz + «, or — a. 

Hence the square root of a quantity is either positive, 
or negative. 

•/ -h a X + a X + a = + a^ but — a x ^a x —a^ —a:^; 
.•. •/«'* = + a, but >/— a-* = — a. 

Hence the cube root of a positive quantity is positive, but 
the cube root of a negative quantity is negative. 

Since there is no quantity, which, being multiplied by itself, 

will produce — a, .'. >/ — a is an impoasiUe quantity. 

a- -I- 2 at + b^ being the square of a + 6, we may, by 
means of this formula, investigate a rule for extracting the 
square root of a binomial ; for a* + Safe + A*^ = a* H- (2 o -j- b)b, 
and •.* the first term of the root is a, the square root of a*, 
we have only to find a divisor which will give the quotient 
-\- b, and this divisor is evidently 2 a + b; that is, twice the 
fii-st term of the root together with the second term of the 
root. 

Hence, to find the square root of a*^ + 2a6 -f- 6^, we first 
take a, the square root of a^, and, placing it as we should a 
quotient, we subtract its square from a^4-2afe + 5"^; we 
then double the root a for a divisor, and divide the remaining 
portion of the quantity, namely (2 a + fe) 6, by 2 a, and annex 
the quotient b to the a, and also to the divisor; we then mul- 
tiply 2a + 6 by this second t^rm b and subtract the result. 



EVOLUTION 41 



The process may be thus exhibited, 

a" 4- 2a6 + 62(« + J 



a' 



2a -f b) )lab + U^ 

^ab + 6^ 



Let us apply this rule to the extraction of the square root 
of the number 1225. 

1225 (30 + 5, or 35 
900* 



fiO + 5, or 65) 825 

325 



Let it be required to extract the square root of a* + 2a J 4- 
2ac + 26c + 6' + c\ 

a^ + 2a6 + ^ac + 26c + 6- + c'^ (a + 6 + c 





a" 






4-6^ 
+ 6^ 




2a 


+ 6) 2a6 
2a6 




2a 


+ 26 + C) 


2ac 
2ac 


+ 26c 
+ 26c 


+ 


c3 



In this example, having obtained a + 6, this portion of the 
root is doubled for a new divisor, in order to obtain -|- c, the 
remaining portion of the root. 

Since the cube root of a'^ + 3a^6 + 8a6^ + 6'M8 a + 6, we 
may readily derive a rule for the extraction of the cube root. 
The cube root of the first term a:\ is a, the first term of the 
root ; we subtract its cube from the whole quantity ; then, for 
a divisor we take 3 a*, and dividing the first term of the re- 
mainder by it, we obtain 6, the second term of the root ; then 
annexing 3a6 +6*^0 the divisor, and multiplying it by 6, we 
obtain 3a^6 + 3 a 6** -f 6\ which is equal to the remainder. 

* In the ordinary arithmetical proceu these two ciphers would be 
omitted. 
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The process is as follows, 

a" 



3a^ + 3a6 -f 6') 3a-fe + 3a6- + 5' 

3a'6 + 3a6- + li' 

We will apply this rule to the extraction of the cube root 
of 91125. 

91126 (40 + 5, or 45 
a^^= 64000 



3a^ = 3 X 40'^ = 4800) 27125 



3 ab = 3 X 40'^ X 5 = 24000 

3 ah' = 3 X 40 x 5'^ = 3000 

6* = 5^* = 125 



27125 



The ordinary arithmetical process would be 

9il26 (46 
64 



4- X 3 = 48) 27125 



6=' = 125 

f>« X 4 X 3 = 300 

5 X 48 = 240 



27125 



Examples, 

1 Find the square root of 4a^ -f- 4a a -f «*. 

4a- + 4a;i? -f x'^ (2a + a? =■ the iwjt 
4a-^ 



4a -f a*) 4a^ -f x^ 
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2. s/ (29j?y + 30a?/ + ISarV + 25y* + 4«^V 

9afy + 20a?V + 80a;y»+ 12i»> + 25y* + 4a?* 
9a?y (3a?y + 2a?^ + 5/. 



12ar> + 4 a?* 



6a?y + 4a?^ + 5/) 80a?y^+20a?V+25y* 

30a?/+20a?y+25y* 



In tliis example SOaj'y' = 9a?V + 20«y, and the other 
terms are brought down in the order which is found to be 
most convenient. 

3. ^{a'^-ar) 

a^ _ a^i a — ; r— <. — &c. = the root 

V 2a 8a« 16a« 



a« 








2a/ 


-a;« 








a?* 






a?' a?* 


^ 4a» 




a oa** 








4a* 


+ 


a/» a?8 
8a* * 64a« 


2a -J— 3 

a 4a' 


)• 





a?* a?» 
8a* ~ 64a«* 



Here the process does not terminate, and the root is 
merely an approximate value of x/(a^ — x), 

4. Extract the cube root of 8a=*- 84a*a? + 294 a a?'— 348 a:*. 



ii, 
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6. The square root of 4a?^ — 4aa? + «'== 2a? — a. 

7. v^(l-8a+16a-)=l-4a; and v'(25a'+40aa? + 16a?-) 
= 5a 4- 4a?. 

8. ^(9^-8a? + l)=8a?-i. 

9. ^/(49a^ + ^'HaH + 96*) = 7a' + 8A. 

10. ^(x« — ^aaf + a' + 2a? — 2a -h 1) = a? — rt -h k 

11- A/f»»'+2m-l + — )==m-f 1 . 

/V \ m m^J m 

//a^ ^ a?' 2a' ^ aX « * . 

13. V(«'— 3a-a?+3aa?*^ — ar») = a — a?. 

14. ^^(i^Ua + 48a'— 64a') = 1 — 4a. 

15. V19^'+ 86aa?'+ 64a'« + 27a«) = 2aJ + 3a. 

16. »/(^— 6a?" + 15a?*— 20a?Hl5af'— 6a? + l)=a?'-2a?+l. 

17. V(/-6y' + 6/4-16y'-125^'-242/-8)=/-2y-2 



CHAPTER IV. 
SURDS. 

XIV Surds, or Irrational quantities, are such that the 
roots indicated capnot be exactly determined ; thus, 

V2, >/5. V^. V3'. s/{l +^"'). VC*" + «*). a^d V 2^ 
are surds. 

These quantities might bis expressed by using fractional 
indices, thus, 2*, 6*, 4*, 3», (1 -{-a% (w^-^aai)K and(2a?')». 

Any rational quantity may be made to assume the form of 

a surd; thus, a? = >/a?' = aj^, a? — a =V(« — «)" = («—«)"• 
a ^x z=ij^s^^ (a'x)* = \/a^a. 

EmamplM, 
1. Jt'rove that >/243 4- V 27 + ^ 48 = 16 >/3. 

v^248 = v/ 81 X 8 = 9 v^8 
^27 =v/9^T^ = 8,/8 
1/48 =v/l6 X 8=4-v/8 
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= (9 + 3 +4) -^3 = 16 v^3 

2. Show that 3 s/Ba"— 7 ay/ISa -f 6 v/tSo"*-- s/bOaP 
= (13a — 56) v/Sa. 

2 v/8^=av/4a^x2a = 2 x 2a x/2a=4a v/^ 

— 7flv/l^=— 7av/9x2a=:— 7ax3v/2a=— 21av/2^ 

5 v^72fl?=5 v/'36a^x2a=5 x 6a \/2a=30a v/2« 

— v/50aF= — v/256'x2a= - 66 v/2a; 

inid4av/2a — 2la\/^4- 30av/2a— 56-\/2a = 

(4a— 21a+30a— 55)v/2a=(13a— 6fc)\/2a. 

3. Multiply 

This operation can be performed in the same way as the 
multiplication of ordinary algebraic quantities ; thus, 



4 X ^ + 5 



8 



a/s 



V^-^^'^i- 
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4. Prove that 12 ^ j + 3 ^g^ = -j V2 

5. Reduce (2 >/8 + 3 >/ 6 — 7 >/ 2) and 

( ^ 72 -. 5 ^ 20 — 2 -s/ 2) to their simplest 
form, and find their product. 

2>/8 = 2v/i"x~2 = 2 x2>/2=:4>/2 
•. 2v/8 + 3^/5-7v^2 = 4>/2 + 3V5-7v^a 

= 3 >/6 — 8 >/2 
^72= v/S6 X 2 = 6 V2; 
and - 5 >/20 = — 5 v 4x5 = — 10 \/6 
.-. v/72 — 5 >/20 - 2 v^2 = 6 >/2 — 10 ^5 
— 2 v^2 = 4 ^/2 - 10 >/6; 
3^6 — 3>/2 
4 V2 — 10 V6 



12 v/10 — 12 X 2 

— 30 X 6 -f- 30 VIO 



42 >/10 - 24 - 150 = 42 >/10 - 174 

6. Express as a single fraction 

a + by/ — I g — fcy/ — 1 

Redacing these fractions to a common denominator, 
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80BD8. 



a + 6^/31 g + 6^^:ri _ a2 + 2 a&(~l) + 6^(-^l) 

" a^ + 6* ' 
g - fe v/"^^! g - 6 \/"^ _ a^- 2a^(- 1) + &'(— 1) 

g'^+2a6_53 



a' + A* 



Hence by addition, 



a 
a 






This example exhibits a method of making a binomial surd 
rational ; for the denominators of the given fractions are each 
multiplied by a quantity which has made them rational. In 
general since {x + y) (a? — ^) = ar* — ^, any surd of the 
form gd: >/6or /v/g± s/h may be made rational by mul- 
tiplying by a similar surd of the form g=p >/&or ^/a4^ ^/h 
using the upper sign when the sum is given, and the lower 
when the difference is g'ven. 

7. Show that 

1 v^80 4- 3 ya + a ^/8 

>/2 + >/3— v5 "■ 12 

Multiplying both terms of the given fraction by 

>/2 + -v/3 + ^5, we have 

1 VS + >/3 + >/6 



VS + >/3 — v^6 >/a + n/3 + \/S 
__ >/2 + >/3 + ^/6 

Now, multiplying both terms by «/6, we have 

>/ia -f v^l8 + V30 a v/3 -f 3 v^2 + v'SO 



2x6 



12 
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8. Multiply a' + aili + aU + bi by ai — M- 
ai -f alW -j- aid + rf 






a * ♦ * ^b\ 
0. Show that 

Extract the square root of the expression within the brackets. 
11 I J .-» • 



d 



1 






— \/3.a +-ra 

4 



2-v^3.a + a) 2a - v/s.a* H- a« 

2a— v/8.a + a^ 

10. Show tliat V12 + >/27 — v 3 + v'^S = 8 v^3 

11. Show that V40 — 3 ^320 + 4 ^185 = 2 V5 

. 12. Show that V16 - 6 Vi + 2 VH - 4 V ^ = 4 ^2. 

13.2^|-6^?=V^3"a-v^iI. 

14. 5 X/a - (4a)^ ~ 8a* + y^loZ = 2a* (a - 1> 
16. 2 V^2i -f 6 V'i^ + \/8p == 9 v/2« 
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16. v/l8FF + v/fiO^* = (Sa'b + 6ab) ^'mH. 

17. V4 X 7V6 X ?/f = 7V 15. 

18. (^5 -h 1) (1 - V6) = - 4; and 



19. 



; and 



\/a — >s/b a — b 

^2 + 1 = n/2 - V3 + v^e - 2;.an4 

(>/3 + V3)3=9 v^3 + 11 V2. 

1 , 1 

a? — y^;i?2 — 1 a? H- y/^ - 1 

\/« + y — s/x — y y y ' 

22. Prove that ^^-^ "*" o ^^ ^^® "^^^^^^ ^^^ ^^ 

OB r 1*2 

- y/a^ — ^ + . and that 

( V a "^ V — a )=^+>/^ 



CHAPTER V. 
SIMPLE EQUATIONS. 

1. y/x -h 16 = 2+ >/a?; find a?. 

Squaring each member of the equation, we have 
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« + 16 = 4 + 4 Va? + df, 
16 - 4 = 4 ^/a?, 12 = 4 sjm, 
* 3 = s/x, .'. 9 = or. 

^' -v/a+ V« = 8 + a>/a;finda?. 

First, reducing the left-hand member of the equation, 
a — a _ {s/ai + A/a) (^g ^ ^g) 

3 (^/« — ^/a) = ( ^'a? — ^a) + 6 ^a, 
2 (>/« — ^/a) = 6 v'a, a/^ — ^/a = 3 -v/a, 
N/« = 4v'a, ar=16a. 

Squaring each member, we have 



Multiply by the product of the denominators, which will thus 
both be cancelled. 

ftV + (c - xji^ = o«(c - d?)2 + (c - a;)V, 

6«ar» = a2(c - a?)2, ft^ = a{c •^ai)z:^ae-^ ax, 

ux ^hx^ ac, {a'^h)x^ ac, 






dD 
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4. Given 1 — %/] — « = n (1 + ^/l — ir^ ; 6n(! «. 

1 — V 1 — « = « 4- n \/l — ^9 

1 — « = n \/l — jc + v/^1 — a? 

= (n + l)\/l-a;, 
1 - 2„ 4. n^ = („2 4. 2n + 1) (1 -^ «) 

4n 



5. a? — 4 = , — ; find a 



(« + 1)^' 



^x — 4 = 



a; 



v/i + « + 1 



(\/l+ar+l)(v/l+a;-l) (l+a^-l) 

.-. a? — 4 = 1 +a? — 3 \/l 4- « + 1. 

2 >/l 4-^ = 6, v/l H-o? = 3, 

1 + a? =s 9, .-. « = 8. ' 

R o /— . ^^3 + 824 v/3^ iA .^n 

16a? — 3 

_ 81 V3.(V3H-4 y/a;) 
^(4 Va?4-N/3)(4 VaT->/3) 
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(4 v'*- v'sy^^s^s^^at, 

4 v^d>- -s/3 = 3i, 4>/a? = 8i + 3i, 
16* = 3=* + 2 . 3* + 3 = 27 + 18 + 3 = 48, /. « = 3. 



7. \/a + ajH-V« — * = V*5 ^^^ ^• 

(a + a?)J + (a — a?)^ = M ; aii<l» cubing each member (see p. 38), 

a +« 4.a-i» -f. 3 {(a +0?)^ -f (a- a?)*} (a + a?)J (a-ir^ = *, 

3 {(a + a?)^ + (a — a;)^ } (a + a;)^ (a — a?)J = 6 - 2 a, 

•/ (a + xj + (a — a;)l = 5^ 
, / — • h — SLd 

(a + ar) (a - re) = - ^^^ > a - ^ = 37^ » 

^=^-S7r^* .••^ = Vi^ — 276-1 

8. ^>/(^-l) + V(^-l) = *'- 

^ (of^- 1) = ^"-2^?* v^(^'-l)+a;«-4r, 
x" +' x/(4?*- 1) = 20?** - 2a?^ v' («' - ^ ) 

Multiply by {aj» + -• (^ - 1)} ; 

{^'+ >/(;»'-l)F = 2ar*(«'-^*+ 1) = 2«* 

^4. ^(;r*-l)=«V2, ^/(^-l)=a?nv/2-l). 

if« - 1 =a?H3 — 2 x/ 2) = 3«^ — 2 v/2 .«% 
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Multiply both terms of the fraction by >/3 -f !• 

*• = — 3— . ••«=V~"2 — 
9. + -=z= = s/a\ find ar. 

a — (a + a?) a — (a — or) 

(a4^a?)(^/a— \/a H- ^) , (a — a;) (y^g— y/a — x) _ 

« — ^ . J- : — V ^» 

— a? a? 

(a— a?) ( v^a— y/a— «) -—(« + «)( >/a— v o + «) = >/« . ^» 
a s/a— v'a.a?— (a— a?)?—© -v/a — s/a.oo -{- (o + a?)'= v'«.a:» 
(a + a;)i — (a — a?)? = 3 s/a . a-, 

2a^ + 6aa?-^- 9aa?2 = 2 (a^-a^^)*, 

4 a« - 12 a^a?*^ + 9 a^aj* = 4 (a« - aJ«)^ 

= 4a«— 12a*a?H 12aV-4«', 
4a/' = 3aV, 4ar'^ = 3a2. 

a 
2a;=a>/3, /. a?=->/3. 

XV. In solving equations involving two unknown quanti- 
ties, as X and y, we may adopt any one of the three following 
methods, namely : 

1. Eliminate one of the unknown quantities, and from the 
resulting equation, determine the value of the other. 

2. Find a value of one of the unknown quantities, as w, 
from each equation, and then equate these two values. 

3. Find a value of one of the unknown quantities, as a?, 
and substitute it in the other equation. 
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1. Given 6 a? + 3y = 74 ) Find the values of w and y by 

do? + 2y = 46 \ elimination. 
Multiplying the first equation by 2, the cofficient of y in 
the second ; and multiplying the second by 3, the coefficient 
of y in the first, we have 

10;c + 65^= 148, 
9a; + 6j^= 138. 

Now, since y has the same coefficient and the same sign in 
each equation, if we subtract* the lower equation from the 
upper, y will disappear, and we shall have 

^=10; .-. 3;c = 30. 
And, writing 30 instead of 3^ in the second given equation, 

30 + 2^^ = 46, 2^=16, /. y = 8. 
"When three or more equations are given they may be taken 
in pairs, and the same unknown quantity eliminated from 
each pair. 

? Given aTy^ =1^ a, (1)1 Find x and y by the second 
jify9 = b, (a) J method. 



1 



a a"* 

From (1) ;b" =--; .-. a? = — ; 

ir 

b b^ 

Hence, having two distinct values of the same quantity x^ 
these values are equal to each other, and we may equate 
them ; thus. 



mq—nf 



or,y ""' 



a 



• When the signs of the quantity to be eliminated are unlike, we mnst^ 
of course, add the two equations. 
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And proceeding in a similar manner, to obtain two distinct 
values of y from ti^e given equations, and then equating them, 
v?e shall have 



third method. 



3. Given ?+-5£-=f::ZiL'.(i; 

x x+y y ^ y Find«andj,bythe 

and? = l±y+y ... (%) 

y * ^ 

y X X * ay x 

and dividing each member by -, we have 

a"-y 

^ = I, .-. a? — y=^, 

/. %Z1 A ^'i f substituting theQ§ values in (1) we have 
y_ 6y _ 4^^^ — y^ 

16. I 6 „ 

2 + 2^^7 = 45/- y. 2 + 3=^^' 

that is — =3^ .-.6^ = 5, 
.-. y = g. and a? = 2y = -. 

4. Given -^^ = 70, -^ = 84, -^^ = 140 ; 

X ^y X + z y + z 

find X, y, and z. 

From the first equation, by taking the reciprocal* of each 

* The reciprocaJ of any qaantity is uniti/ divided hy thai quantity ; thus, 

the reciprocala of ar, -> and are -, -, and — —- respectively. 

' c X XX a-\-h 
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member, we have ^-^ =l,or— +^1 = 2. 

xy 70 xy ^ xy 70 ' 

. 1 . 1 _. _L n V ^"^ similarly from the 
'* X y 70' ^^ ' second and third. 

1 1 I 

... 1 1 2 

VM - + - = j;^. and subtracting (a) from this, 



1-1 = JL - ^ 

X 4f'~l40~420' 

(a)l + l =A 



8 



• • 



and 



X 420 105 

? = A. 

^ "■ 420 ' 



^= 106 



4r = 420. 



^ ' y 420 140 • • • y 420 420 "^ 420 ^ SlO * 

.•. y = 210. 

Solve the following Simple Equations. 

1. s/ of" H- 8 = >/7. Ans. « = 2. 

2. v/«*^ _ 16 =a; - 2. Ans. a? = 5. 

3. >/^ - 1 = \/x - 9. Ans. a? = 25. 

4. >/« + \/iP-3 = 8. Ans. 0? = 4. 

5. ^/df - v^2 = \/^-2. Ans. j-' = 2. 

« y4^ +3 = 3. Ans. a? = 6 

D 3 
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8. \/a? 4- a- + ;p = 6. 

9 2 Va? — v^a = 2 ^/a: — a. 

a -\- Of = \/ X •\- hx — a. 



Ans. ^ s 12 



Ans. ;0 = 



Ans. X = 



■2r"' 

25a 



Aos. ^ = 



g- 4- a 

5 - 2a* 



1. v/a- 4- a?'- = >/i^ + a?*. Ans. a? = a /■ ^ . 



2. \/a — d? = — a?. 

\/a — X 

3. \/a + a? + \/a — a? = 2 «y a?. 



4. ::i^— + 3 = 



V^ + ^ 



Ans. d? = a — 1. 



Ans. a? = - a. 
5 



Ans. a? = 42J. 



5. d? — />/(a^ + \/ x^ — 1) = a. Ans. a: = — - 

4a 



6. 



= c 



\/ a ■\- X -{• \/ a — X 
\/ a -\- X — sj a — X 

7. \/x 4- a = ^a + \/ x — a. 



Ads. X = 



Ans. a? = 



5a 



8. ^a? — >/a — a? = 



n/^ + v/a — a? ■ 9a 

— ^^ . Ans. a? = — . 

2 10 



^ a/(?"^0"a/(^~"0=^- ^"^-^=0^5-^^ 



20. v/a?- 4-9 = 2 + 



a;-^-9 



7==^.. Ans. a; = 3^16. 



21. 



na* 



\/^^ 



-«=>/«' + ^. Ans.ay=/ ^""^\'' 



(2n -l)i 
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22. ax — \/si^ + ;c -I- 1 = ^x^ — X ^ I 

A„s. X = ? W^«4^]. 

S3. \/a- + ail? = a — y/*'' — «^« Ans. x=- -^ \/3. 



Ans. X = 



a^ - 6^ 



2.5 -7^;;:= 4 = V«« _^ Ans. ^=— . 

-y/aa? + 12 a 

26. I >/ar* + 3a^ + i y^^ • - 3 a- = x s/a, 

Ans. a? = A / . 

27. — 1 == = -. Ans. ^ = -^. 

V^l— a:-fl yj \ ^ x—\ ^ ^ 

28. \/\ ^- X + V 1 ^ X = V^. Ans. a? = 1. 

^ ^ + \/ X — 1 X — \/ X' — I 

^ — v/x^ — 1 X -\- \/^ X' — \ 



30. Given ^H-y = 5)oj ^ 

and^-5^=l| findorandy. 

31. 2a?-5^= 1. I 
:i; + 3y=: 11. I 

32. 4a? — lly = 9. \ 

2x + 3y = 13. f 

'33. 3a? -r 2y = 23. 



5jr 



4-2^ = 23. ) 
— 2a? = 29. j 



Ans. 


X 


= 


i. 


Ans. 


X 


^ 


3. 




y 


— 


2. 


Ans. 


X 


— 


2. 




y 


— 


3. 


Ans. 


X 


j-j. 


5. 




y 


— 


1. 


Ans. 


X 


:=L. 


3. 




y 


= 


7. 



SIMPLE EQUATIONS. 



Ana. X = 10. 
, = 4. 



. 2»+|-17 = 0.j 
10 ^ 2 

2;g — y 8 _3y 
4 2 ~T~ 

. aaJ + fcy = <!. 



26 

t. «=: 5 

> = 8. 



)(j,-9) = (» + 7)(. + 5)-112.1 
ai/-2«=0. J 
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43. y + ^=10-?^ 8 

2 a? — 1 6fl?— 2y _ j?— y 
10 5 " 10 ' 

44. 3-4a?— •0'2t/=-01. | 
2^ 4- -4^ = 1-2. ) 

45.-3 •^' 

ax -^ by =• c. 

46. aa; -f 5y = c^ 



a(a + a?) = ^(6 + y). 



Ans. ^ = 4 



^ = 9 



47. 2a? - 22/ 
4a: + 3y 



+ 34? = 16. ) 
-2;^ = 6. V 
— 4;»= - 1. j 










Ans. a? = -02 






y = 2 9 


Ans. a? 


{a + 3i)(7 
"" a^ + 6 




y 


(3a- l)c 


Ans 


a: = 


l^ + c2 - a* 


2a • 




y = 


a2 4- c« - ^ 




2* • 






Ans. a? = 3. 






;» = 4. 






Ans. a? = 24. 






y = 60. 






«= 120. 






Ans. a? = 4. 



X 
X — z 



y 



= 1. 

6' 



50. xyz = 40. ' 
a?yic =■ 80. 
y««?= 200. 
a?;n9 = 100.^ 



^ = 6. 



j» = 2. 



Ans. a 

y 



z 



2. 

4. 

5. 

.- 10 
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Problems, 

1. If to twice a certain number we add 9, the square root 
of the sum will be 6 ; what is the number? Ans. 8 

2. If to five times a certain number we add 4, the square 
root of the sum will be equal to 2 H- the square root of thrice 
the number ; find it. Ans. 12. 

3. There is a number, from the square of which if 7 be 
subtracted, the square root of the remainder will be equal to 
7 diminished by the number itself; what is the number? 

Ans. 4. 

4. The sum of two numbers is 56, and their difference is 
24; find them. Ans. 40 and 16. 

5. The sum of two numbers is 16, and the sum of their 
reciprocals = twice the difference of their reciprocals; find 
the numbers. Ans. 4 and 12. 

6. In a naval engagement, one-third of the fleet was taken, 
one-sixth sunk, and two ships were burnt ; one-seventh of the 
remainder was lost in a storm after the action, and 24 ships 
are left ; how many ships v«^ere in the fleet at first ? 

Ans. 60. 

7. The ages of two persons are in the ratio of 3 to 4, but 
10 years ago the ratio of their ages was that of 2 to 3 ; what 
are their ages ? Ans. 30 and 40. 

8. A wine merchant mixed 20 gallons of spirits at 9a. a 
gallon with 36 gallons at lis. a gallon, and he now wishes to 
add as many gallons at iis. a gallon as will make the mix- 
ture worth 128. a gallon ; how many gallons of this last must 
he add ? Ans. 48 gallons. 

9. A grazier buys 12 sheep and 20 lambs of one person for 
292.; and 10 sheep and 30 lambs of another at the same 
price for 33L lOs. ; what was the price of each? 

Ans. Sheep, 25s., lambs, 14s. 

10. A and B made a joint stock of 833Z., which, after a 
successful speculation, produced a clear gain of 153Z. Of 
this B had 45L more than A. What did each person contri- 
bute to the stock? Ans. A 2942., and B 5392. 

11. Suppose that for every 10 sheep a farmer kept, he 
should plough an acre of ground, and be allowed one acre of 
pasture for every 4 sheep ; how many sheep may that person 
keep who farms 700 acres ? Ans. 2000. 

12. If the numerator af a certain fraction be added to the 
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denominator, the result will be equal to 5 times the nume- 
rator; what is the fraction? Ans. \. 

18. What number is that to which, if 1, 5, and 13 be seve- 
rally added, the first sum shall be to the second as the second 
to the third ? Ans. 3. 

14. A sets out from G to go to D, at the same time that B 
sets out from D to go to C ; A arrives at D a hours, and B 
at G ^ hours, after thej met ; how long did each take to per- 
form the journey ? Ans. A a* (a* -f- b^), 

B i*(a* + fc^). 

15. A person has two sorts of wine, one worth 20 pence a 
quart, and the other 12 pence, from which he would mix a 
quart to be worth 14 pence; how much of each must he 
take? Ans. ^ of 1st; | of 2nd. 

16. A number consisting of two digits is equal to 5 times 
the sum of its digits, and if the sum of its digits be added 
to the number, it will be inverted ; what is the number ? 

Ans. 45. 

17. A person at play won twice as much as he began with, 
and then lost 16 shillings. After this he lost four* fifths of 
what remained, and then won as much as he began with, and 
counting his money, found he had 80 shillings ; what sum 
did he begin with? Ans. 52 shillings. 

18. A can perform a piece of work in a days, and B in 
b days ; in how many days can they finish it, if they both 

work at it together? ab 

Ans. — —r days. 
a -^ b ^ 

19. A trader maintained himself for 3 years at the expense 
of 50i. a year, and in each of those years augmented that 
part of his stock which was not so expended by \ thereof. At 
the end of the third year his original stock was doubled ; 
what was that stock? Ans. 740Z. 

20. A man rows a boat, with the tide, 6 miles in f of an 
hour, and returns against a tide half as strong, in 1^ hour; 
required the velocity of the strongest tide. 

Ans. 2 J miles 1 per hour. 

21. Divide the number 11520 into 3 such parts that 9 
times the sum of the first and second shall be equal to 7 
times the sum of the second and third, and if the first be 
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subtracted from the second, 8 times the remainder shall be 
equal to the sum of the first and third. 

Ans. 2880, 3840, and 4800. 

22. A person bought a certain number of sheep for 94i. ; 
having lost 7 of them, he sold one-fourth of the remainder at 
prime cost for 20^. ; how many sheep had he at first? 

Ans. 47. 

23. A farmer pays his rent in certain fixed numbers of 
quarters of wheat and barley ; when wheat is at 65s. and 
barley at 33«. a quarter, the portions of rent by wheat and 
barley are equal to one another ; but when wheat is at 65s. 
and barley at 41s. a quarter, the rent is increased 11, ; what 
is the corn-rent? Ans. 6 qrs. wheat, 10 qrs. barley. 

24. The circumference of the fore- wheel of a carriage is 
a feet, and that of the hind wheel h feet ; what is the distance 
travelled by the carriage when the fore- wheel has made n 

revolutions more than the hind -wheel? abn 

Ans. 7 feet. 

— a 



CHAPTER VI. 

QUADRATIC EQUATIONS. 

XVI. A quadratic equation is one in which the unknown 
quantity is involved to the second power, or square. If the 
square alone is contained in the equation, it is called a pure 
quadratic ; but if the sqtuire and Jirst power are both con- 
tained in the equation, it is called an adfected quadratic. 
Thus, a?^ = 4, and ay' — a = 5, are pure quadratics ; and 
a;^ -f 2« = 8, y^ — ay — c = 0, are adfected quadratics. 

Ex. 1. Solve the pure quadratic 7ar^ + 18 = ^oT' -f 450. 

By transposition, 7a?* — 4a?"^ = 450 — 18, 

or Sai^ = 432, 

.-. ar' = -— = 144, 

and extracting the square root of each member, we have 

« = ± 12. 
The sign ± is prefixed to the value of a because 
-+- 12 X 4- 12 = -f 144, and — 12 X — 12 = + 144 
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Examples. 

Solve the foUo^^ing pure quadratics 

1. a^ = 144. Ans. « = ± 12. 

2. dj»— 9 = 16 Ans. «=± 5. 

8. 5 = 7. Ans. « = ± 4. 

4 

4. 2 v^l — a^ = V S. Ans. « = ± J. 

ab 



y/g^ 4- ^^^ - ^ __ 1 Ans. « = - , 

d? " b' s/%b -f 1 

6. — -1 1 = 0. Ans. » = ± 5. 

4/2 4 

8. 36-?-t^ = x'-?^^. An8.;r=±5 



ADFECTED QUADRATICS^ 

XVII. Any adf acted quadratic may be reduced to the form 
aj^ -|- pa? = y, where p and q represent known quantities or 

numbers ; and if we add ( ^ ) to each side of this equation, 
we shall have 

and taking the square root of each side, we have 

Hence this rule for the solution of an adfected quadratic 
•• Add the square of half the coefficient of the second term to 
each side, and then extract the square root of each side." 
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Examples, 

1. af^ + Sa = 20. Complete the square. 

0?^ 4- 8x + 42 = 20 + 16 = 36. Extract the root, 
a? + 4 = ± 6; 

.-. a? = ± 6 - 4 = + 6 — 4, or - 6 - 4 = 2, or — 10. 

2. a?' — 5 a? = 6. Complete the square. 

o . / 5 \2 , 25 24 26 49 ^ ^ ^ . 

x*'^6a!+l -] =6H = 1 = — . Extract the root. 

^\2y ^4 4^4 4 

5 ^7 

2 -2* 

5±7 12 2 ^ 

.-.0. = -^ = -, or-.- = 6,or-l 

It may he seen hy these examples, that an easy way of 
taking the square root of the first side is to take the square 
roots of the first and third terms, and place between them 
the sign of the second term. 

It also appears that a quadratic equation has two roots, or 
values of the unknown quantity. 

Let the two roots of the equation or -^ px ^ q = Oj be 
represented by a and respectively, then 

■=-? V(f *')•'= -I -V(?^o- 

that is, the sum of the roots = the coefficient of the second 
term with its sign changed, and the product of the roots = 
the last term. These propositions are ti*ue of equations of 
any degree. 

It is obvious that the two roots above found are equal only 

when A / f Y + J j = 0, for then a = — ^, and ^9 = — ^ 

When q is positive, both roots are real ; but when q is nega- 

»^ p^ 

tive, they are real 6m d unequal only when ^ > ?♦ for if — <(y, 



an 
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d ^ is negatdve, ^ "" 3 ^ negative, and a / ( -7 "" ^ ) ^ 

imaginary, since a negative quantity has no square root. 

Any equation of the form ax'" -f Ja?* = c, where the 
index of the unknown quantity in the first term is douhle the 
index of the unknown quantity in the second term, may be 
solved as an adfected quadratic. 

Equations of a higher degree may frequently be made to 
assume the form of pure or adfected quadratics, and may 
then be solved accordingly. 



Examples 
1. 0?* — 7a;^ = 8. Complete the square. 

7\2 . 49 82 49 81 



A « o /7V « 49 33 49 bl 
.«_7^ + (-)=8+- = -+-=_. 



Extract the 



root. 



.-. « = ± >/8, or ± v/— ^ = ± 8 ■/a, or ± s/—^- 

This equation being a biquadratie, has four roots, namely 

+ 8 ^/8, — 3 v^2, + \/^, and — \/^ ; the first two 
real, and the remaining two imaginary. 

1 tf ^ X 17\ i»^ a? 63 



2 
8 
each side. 



8VV''"^3+2)-^< + 2=2- ^^^"2^^ 



a^ 17 2 // „ a? 17\ 
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^ + - + — j is the square of 

A /( d?^ + o "'■ "o )» ^^® equation has assumed the adfected 
form, and we may complete the square ; 

// , « 17\ 1 , 19 



±19-1 18 ^ 20 

::= = —- = 6, or — r-. 

3 3 8 

« 

Squaring both sides of this equation, we have 

xA 1 = 36 or -T-, and, taking the value 36, 

a?2+-a?=36— ■— = ' — = — . Completmg, 

"*"' "^ 2^ '^^ \4 / "" 2" ■*" 16 "^ 16 ■*■ 16 ~ 16 ' 

. , 1 . 21 

Extracting the root, a; -f - = ± -— , 



a? = 



4 *" 4 
±21 — 1__20 _22_ _n 



4 ""4 4 ' 2 

1 400 17 800 — 153 _ 647 

AgaiD, ^+-a?=-y---= fg --jg-. 

, 1 /1\« 647 1 5185 

Completing, a^+.^+(^.j =_ + ^^ = _-, 

1 >/518:5 1 ^ >/5186 

•••^ + 4= -""12~' •'• "^^ "4 - "12- 

11 8 ± \/6186 
Hence « = 6 or — -or 
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3. ar* — 3af = 2. Multiply by «. 

a;* _ Sa^ = 2d?, a?* — 2a?' = a?^ + 2d?, 

«*-2«'+ l=a?'^ + 2a?+ 1, 
flj2— l=d?+l, «« — a? = 2, 
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^-^ + (2) =^ + 4=4' ^"2=-3- 

/. «=i_=L_=-; or - -, that 18, 2 ; or - 1 

4. ar* — 2a? = 4, 

gfi — 2«* = 4a?. Add 4a?^ to each side. 

aj* + 2a?^ = 4ar*4-4a;, 

a^ -I- 2a?2 -I- 1 = 4ar* -|- 4af + 1. Extract the roots. 

a?^ + 1 = ± (2a? + 1). ^ = ^^» •*• « = ^• 
»2+l = — 2a?-l, j:2^2^ + 1 = -1, 

a? + I = ± \/^^» .-. a?= - 1±\/- 1 

6. (a?2-5)2 = (a?-3)2 + (a? + iy, 

a?* — 10a?2 + 25 = a?^ — 6ar + 9 + a?^ + 2a? + 1 

g^ — 12a?^ + 4a? + 15 = 0, 

a?* _ 8a?' = ^.x' — 4a? — 15, 

a*« _ 8a?' 4- 16 = 4a?^ — 4a? + 1. Extract the roots. 

ar^ — 4 = ± (2a? — 1), a?' - 2a? = 8, 

a>^ — 2a?+l=4, a?— 1 = ±2, 
.'. a? =1 ±2 = 3, or— 1 

Again, a?® — 4 = -2a?+ 1. a?^ + 2a = 5, 
ar» + aa? + 1 = 6, a? + 1 = ±. v^C, 

••. « = ± >/« - 1. 
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6. dr' - «^ = 4. Multiply by 4. 
^of^ = 4«^ + 16. Add a^ + lx^U} each side. • 
x' + 4^^ 4- 4a?« = a^^%^+ 16. Extract the root, 
^^+ 2a? = a?^ + 4, 

2d? = 4, .•. rp = 2. 1 

7. (d?-l) V(2d?-d?'^)=i, ' 
(d?^-2a? + l)(2d?-i?'^) = j, 
— a?* + 4a?' — 5d?2 + 2ic =s J, 
4d?* — 16^?^^ + 20d?2 — 8d? = — 1, 
4d?* — 16dr^ + 16d?- + 4a?^ — 8a? = — 1, 

(2d?^-4d?)^ + 2(2d?'-4d?) + l = 0. Extract the root 
2d?2-4a? + l=0, a?«-2d? = -|, 

d?^- 2d? + 1 = 1-1 = i, a?-l = ±-L. 
. ,_i ^ 1 1 j.-^*^ • 

8. «- 8 ^/(« + 2) = 1 + V(«'- 8« + 2) 
(«_ 1)_2 v^(« + 2) = V{(« - 1)' (« + 2)} 

= v'C* — 1) V(« + 2) 
(«- 1)- V(« + 2) v/(«- 1) = 2 v'(« + 2). 
(«_ 1)_ V(« + 2) ^/(a.- 1) + i V(« + 2) = 
2 v'(« + 2) + J -/(ar + 2) = J ^(a, + g), 
^(«_ 1) _ i 4/(a, + 2) = ± I V(« + a), 

>/(* - 1) = 2 V(« + 2). «-l=4^/(« + a). 
** — 8« + l = l6a» + 82, «*— 18« = 81, 
«»-18«+9»=81 +81 = 112 = 16 X 7, 
*-9 = ±4V'r, .-. a> = 9 ± 4 VI. 
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Again, ^(jxs — 1) = — i/(x + 2), 

ar^ — 2d? + 1 = a? H- 2, a?' — 3;i? = 1, 
^ o /8\« , 9 13 8 ^n/13 

9. V(«' - ^') + ^ n/(«' - 1) = aV(l — ^'). 

o2-a.2+aj' (a'-l) +2a? {(a^-a?-) (a^- l)}*=aXl -«^), 

Extracting the square root, and transposing ob, 
^(a* — a^x^ — a^ 4- ^) = a^x + « 
a* — a'a^ ^ a^ + a^ = a'ar^ + Sa^ar^ + ar^, 
a^^a^^ al'x^ + 3aW, a^ — 1 = a=^a?' + 3ar», 
«x * o , „ a® — 1 /a^ — 1 



10 



V('-i)V(-5)=" 

1 - i = ar* - 2 « A / f a? - - W « - -, 
X V \ «/ a? 

+ a? = 0, 

or* — 1 — 2«» V(^ — 1) + « = 0, Extract, 

ar»— a?=l, ar» — « + | = l+i = |, 
1 ^6 1 ± >/5 

a a * 9 
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„ /l+«\», n-a *n-x „ '/\-a' 

"• \T::rJ -<■ V rrs V rT^= W (TT< 

/I + * /I - a yi - a yi + « 

/I + a? ^ yi — a yi + a? /] - a ^ 



1 4- « 1 — a 

1 — « 1 + a 



12. 



1 -fa^ _i 



2 + 2d?* = 1 + 4a? H- 6ar2 + 4a;* + «^, 
^ ^ 4a>' - 6«» ^ 4a; 4- 1 = (I). Divide by «». 

«2 — 4aj— 6 h-3 = 0, 

AT or 

1 4 

«*H--s— 44? = 6. Add 2 to each side. 

ST a « 

('+5y-'*('+;) + «'=» + * = »»• 
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4: -i - — 2 = ± 3 -v/3, 

a 

a?' -^ 1 — 2ii: = ± 3 \/3 . «, 

a — (2 ± 2 ^/3)a?= — 1, 

«--2(l ± s/3)d? + (l± n/3)*- = 1 ±2 v^3H"3-1 

= S±2 v^3, 
a? — (1 ± n/8) = ± s/(3 ± 2 V3), 
.-. a: = 1 ± v'3 ± v'CS ± 2 y/S). 
13. 2a?^ — d?"' = 1, Multiply by 2^ + 1. 
4iP*--^'- = 2^ + h 4x* = ;p- + 2^ +. 1, 

* 2"*" 16 16 "^16 16' ^ 4 ""4' 

.*. w = ^ ^ I. 

It must be noticed here that, by multiplying the proposed 
equation by 2 a; -|- 1, a root, found by equating this extraneous 

factor to zero, has been introduced, viz. the root x = 

This root, therefore, must not be included among the roots of 
the proposed equation. After the multiplication, the equa- 
tion 4d?* = a?'^-f2;i?-i-l leads to the two equations 2a:'- = ;»+ 1 , 
and 2a?^ = — ii? — 1 : the complete solution of the former is 

a? = 1, a? =r •»- - ; and that of the latter, x = == ; 

2 4 

t her afore, omitting the extraneous root a? = — -, the three 

<« 

^1 H- -/ 7 
roots of the proposed equation are 1, and =^ • 



Soke the following Adfected Quadratics. 

1. Given a?' — 8« = 9, to find the values of a?. 

Ans. a? = 9, or — 1 . 
ft. x"' 4- 12^ — 16 =r= 92. Ans. a? = 6, or — 18. 

3. a- — 3« = 10. Ans.-o? = 6, or w-> 2. 

a 
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4 a?- — a? -f 8 = 45. 

5. 6x*' + a = 4., 

6. 2af' — a? = 21. 

7. 5x- + 6«-. 3 =6C. 

8. ^ - 1 = - 1. 

a 

9. (dr — 12)(«4-2) = 0. 

10. 3a;'— 14a: H- 15 = 0. 

11. 2a?^— lla? = Ql. 

12. ai»^ — hx ■=^c, 

14 — a? 
lo. 4ar = 14. 

a: 4- 1 

14. a?'— 4aa?= — la\ • 

22 
' 9* 
16. ar-h >/(5a?4- 10) = 8. 



Ans. a? = 7, or — 6. 
Ans. a? = -, or — 1. 

Ans. « = r» or — 3. 

Ans. a; = 3, or — . 

5 

1 ±^/^ 

Ans. X = 



10 14 -2a? 

X a?- 



17. 



3a?-h4 30 — 2a? 7a?— 14 



5 a? — 6 10 

18. a?+ v/(10a? + 6) = 9. 

19. (a? + 2)2=2a?2 + 8.* 

a? + 2^ 9 a? — 6 __ 4 

3 2 ""i* 



20. 



2a? 3 a?— 16 4a? — 3 

9 18 4a? + 3 

x — 3 a? 4- 4 

22. ^ ^-.^Jlf = 2*. 

a?-f 6 a? — 7 ' 



2 
Ans. X = 12, or — 2. 

Ans. a? = 3, or If. 

Ans. « = 7, or — 1^. 

2a 
Ans. a; = 4, or — |-. 
Ans. a? = (2 ± \/— 3) a. 

A o 21 

Ans. a; = 3, or — . 
Ans. a? = 18, or 3. 

Ans. a? = 36, or 12 

Ans. a? = 25, or 3 
Ans. X = 2. 

Ans. a?s= 2, or—. 

25 

Ans. a? = 6, or — 4|. 
Ans. a? = 4, or — 8f^ 



This will be firan4 to be reducible to a pure qnadntifii 



QUADRATIC EQUATIONS. 75 

23. a?' - (a + 6) a? + a5 = 0. Ans. i» = a, or b. 

Ji4. 4a? + 4 ^{a + 2) = 7. Ans. a = 4^, or i. 

a? — 9 
'^5. » = ^ g - + 16. Ans. « = 9, or 16 

26. Vi«r + 6) + V(» + 3) = 8 V«. a> = °-^^^. 

5 

v/(4a?-h20) 4-^0? .64 

• A -L — TT" = : • -A^s. ^ = 4, or — ■-. 

28. ^/ar + 2 = ^(7 + 2a:). Ans. a? = 9, or 1. 

on ^ OJ + I 

'^^- i^^ + --^ = H' Ans. 0? = 2, or - 3. 

^^' T" ~ 3 + ^^- Ans. « = 3, or — 2^. 

31. ^{» _ a) + v(* + 5) = a ^«.« « = >+^)'. 

8 (^ — a) 

33. N/(^''^ + 6) _ a-^a y 

A^. {^^' + h)± ^(4a^ + 4a«6 + b') 

2(a«-.l) 

33 ^ + ^ ^^ + 7 7 -a: ^ ^ 

""1 Q—=^iri-^' Ans. « = 21, or 5. 

34. ^/(5a+a?)+^i6««^) = _iEf_. 

>/(5aH-a?) 

Ans. 07 = 4a, or 3a. 

35. «*- 8«* = 9. Ans. * = ± 8, or ± y/^^, 
86. 0/^-44^ = 83. Aii8.a; = 3, or y 3^ 

• V^ -"XT^- Ans. a; = a, or—. 
88. 0^- 2a?' = 8. Ans. a: = ± ^3, or 4: ^ZTJ, 
89 N/(4aH-a?) + V(«+«) = 9 V^(2a4.a?).'» a? ^ - ^n. 

* This ifl reducible to a limple equation. 



76 
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40. ar' - «i = 66. Ana. « == 4, or \/A9. 

41. ;r + 6 = ^/(a? + 5) + 6. Ans. 4? ==: 4, or - 1. 

42. ^(2;r + 1) + 2 v^^ = ^^/^ .. 

N/(2aJ -H 1) 

Ans. a? = 4, or — 25. 

43. ;/' + 20;ir^ = 69. Ans. a = V3, or ^ IT^ 

Ans. ar = ± a ^(8 ^^2 — 1 1 ). 

Ans. « = i (a ± v/a* + 86*). 

46. (a + 1) (;c - l)^ = 2 (;r« + 1). 

Ans. X = ^ -, or ^ . 

47. aj8 - 7a? H- ^(^^ - 7^ + 18) = 24. 

Ans. or = 9, or - 2, or L^v^^ 

125 

49. 5' + -gT = 30. Ans. a; = 2, or 1. 

50. ^{a + a?) + N/(a - ;») = . ^. , . 

Ans. <a: = ^ {& — a ± ^(a^ + 2a6 - 62)j. 

51. «« - 2a? + 6 ^{x"' ~ 2a; 4- 6) = 11. 

Ans. 0?= 1, or 1 ± 2 ^/15. 

52. a?^(a? - 1) = 8 (^ + 2). Ans. « = ^^IzJ. 

53. ar — Sar + a; = a. Ans. ;p = ^-^ — — - — — — t 

2 
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54. ' -T- ^s + 






Ans. X = 



2 



1 ^/2 

55. a?"' + = 3. Ans. a; = 1, or ^ . 

56. aa? — 6^ = ar* — 26^(a^ — aa? + a?'). 

a± v^(a^±8a6 + 46^) 
Ans. a? = r 

67. 9»-3a^ + 4v'(af^-3^ + 5) = ll. 

Ans. 0? = ^ 

^^- Vi"*"V« — ^ — • 

Ans. 0?= — Jfl(3q: v/l3). 

59. a?- + — 4- « + - = -^^ Ajis. a: = I, or ^ . 

XX <* 

12 + 8a^ . - 3 ic v/(~7) 

60. a? = —^ Ans. a? = . 

« — 5 2 

a; 



61. v(^ + 1) - n/(^' - = 7(^i— Ty 

Ans...= ±y^-^3 
-3±v/^ 



62. ar* — 6a? — 4 = 5. Ans. a: = 3, or 

3 13 ,2 1±>/10 

63. 3a?^ = - 4- •^. Ans. a? = - -, or 

a; 3 do 

64. a« + 2 ^/(n'a? + naa?') = (3a? — l)n. 

n n 

Ans. a? = , or 



w ~ a 9n — a 
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V 1 + « - I ^5 

6«. (a? — 6)«» -j- 26«a? = 6»+J (2 + ^-i) + 2 (« — 6)'»+i 

Ans jp = 2 6 



67 



■(-t)="-^{|^'> 



Ans. » = v'Ca^ + 2a6), or a/ "^""*' . 

68. «• = - 1. a, = y^l, or *i±VJ^^ 

69. a!^" — Sar'" + «• = 6. 

Ads. « = V(i ± J ^13), or V(i ± i \/^^ 

70. {(* - 2)^ - xY - 90 + « = (« - 2)'. 

Ana. «=6, —1, or — . 

Ans..= iL±^«-)l^ 

(1 ± v/s)'" + a* 

72. 8a?^ + 4ar'-. 18a?' + lla? — 2 = 0. 

Ans. 0" = J, or — 2. 
3\ 36 



'3, 



4^^-20-5(^ + ^)=-52. 



A o t — 11 It v/— 71 
Ans. « = 3, 1, or ^ . 



2 



U.—^^^^^^^'' 



(0^-4^ ^ 4(ar~4)i- 

Ans. 4; = 12, or 4^ 
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75 «* + 4a?*' 4. 3ip3 + 4^ -i- 1 = 0. 

Ans. X = 5 

76. (a- - + 1) (^ - If - 2 (X + 1). 

77. (ar - 9)- - 3 = 11 (or' - 2). Ans. a: = ± 5, or ± 2. 

78. v^{aj 4- Vi2ic-1)} ->/{«- V'lax-lj}^ 

-A / ^o^^^ — ^^• A««- ^ == t' ^^ S. 

70 ^-n/(^ ^^^^1) := ..^. Ans. X = a, or^. 

80 ?— ^ = -i. Ans. 0? = 4. - 2, or - 1 ± >/7. 

• a?— 12 « 

^ /^ + 4\* 12 

Ans. d> = ± 5, or 4 V2. 

82. (^ + 119)* + (70 - x)* = 9. Ans. a? = 6. 

83. ar* + ;ir^ — 4a?'- 4- ^ + 1 = 0. 

Ans. a? = 1, or 

84. 2a^+ ^/(a?^ + 9) = a?* - 9. 

V3±V41 n±v^i 
^—* ^' V 2 

85. (a + a?) >/(«' + a;«) = 6 (a - arf . 

9 ±4 v/2 
Ans. a? -=- . a. 

86. (a: + 3/- 2 (*' -f 8)« 2aj(a? 4- 1)'. 

Ans. « = i , — 8, or — J 
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^^' 'cTTTx + iTTs:^ = H. Ans. a: = 4, or - 1|. 
88. aj'— 3a?*— 9ic^+ 31x2— 10a; + 24 = 

Ans. a? = 2, 4, — 3, or ± ^— 1 

89. ?li:J L.^:il = 4« 

. „ 1 16 T 3 v/29 

Ans. ;c = 5, ^, or — -^ --^ — 
5 10 



3 



90. 16(^ + 2)'+ -_? =32^^ + 48. ;t=±i 

91. a:^"- - a = ^ + i. Ans. x = V{i ± >/(« + i)}. 

92. x' - 8;ir^ + 10a;- + 24x + 5 = 0. 

Ans. ;» = 6, — 1, or 2 ± ^5. 

I + x'^ 
^^' (1 ^ ^yj ~ i Ads. a? = 2, or i. 

Ans. a? = 2a i- f ± v^(2a + |). 

95 s/(.;-'-l) + f^^-Z:li^N^±jr 

s/(.f + l) - ^(or- ly 

Ans. a: = -— 



o 



96. (I +x')(\ ^x-^il +a;) = 30ar\ 

3 ± s/5 



Ans. a? = 



2 



n^ ^' 17ar» 

97. -J + — 17a? = 8. Ans. a; = - 8, or - ^ 

98. a;' (a?^ - 23) = 10a? (a?^ - 24) + 649. 

Ans. a? = i (5 ± 3 v^29) 
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1 + Jr* 1 -ar^ _ 



An3. a? = < 



<i + 4q:2 v/3(ff H- 1) i* 

100. 4? 4 7 V^ = 2»2. a? = 8, or { - 1 ± v^- lOf. 

7 8 

101. Jx ;l = - Ans. :i? = 1, or 16. 

^ >/« — 2 ic 

72 
10*2. x^ v^a? + 2a?*-f 35;p v/af+34 = --. Ans. ir=l. 

QUADRATICS WITH TWO OR MORE UNKNOWN 

QUANTITIES. 

Examples. 

1. a?H-y=10) (1). Square (1), and multiply (2) 

^y=16j (2). by 4. 

4^5^ = 64 ) 

x' — 2;i?y -I- y- = 36 Extract the square root. 

^ T ^ "" ""i A > Add and subtract. 
(1) x-\-y = lOj 

^x = 16, or 4; .-.a? = 8, or 2. 

2y = 4, or 16; .*. y = 2, or 8. 

This manner of proceeding may be adopted whenever the 
turn and product of the two unknown quantities are given 

2. a? — y = 3 ) (1). Square (1). and multiply (2) 

^y =10/ (2). by 4. 

''"-IZ^'^'Z.l ] Add. 

X' H- 2a?y -f y^ = 49 Extract the square root 

W^ tf. "" — Q ! Add and subtract. 

24? = 10, or— 4; .-. «=6, or— 2. 

2y = 4, or — 10 ; .-. y = 2, or — 5 

K 3 
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This mode of proceeding may be adopted whenever the 
difference and product of the two unknown quantities are 
given. 

3. x^ -f / = 202 ) (1). Double (1) and square (2). 

4?+y = 20/ (2). 



*' + 2^y+ y =400/ Subtract. 



.'.x — y =±2 I .'. «=11, or 9. 

x-\-y = 20 ) y= 9, orll. 

4. x^ Hr / = 394 \ (1). Double (1) and square (2). 

^-y = 2) (2). 

'": / a.'^>''Ji Subtract. 



. . 



«+y =±28) A « = 16, or — 13. 

= 2/ 



a? — y = 2 / y = 13, or — 15. 

This mode of proceeding may always be adopted when the 
sum of the squares and the su7n or difference of the two 
unknown quantities are given. 

5. x'' +5^^ = 407 1 (1). Divide (I) by (2). 

x-^y = 11/ (2). 

aj2 — xy + y' r= 37 Square (2). 

ip2-f2^2/ + ^=121 Subtract the upper from the 
— lower. 

Sxy- =84 .\ xy=)iS. 

^'- ^y+.y^= 37| ^^^^^^^ 

xy = 2oJ 



x — y =±3) .".a? = 7, or 4. 
x-^- y =11] y = 4, or 7. 

If .r* H- y* = a, « + y = ft, or a?" — y" = a, x — y^b, 
n being an odd number, or any equations similar to these 
were given, we might proceed by dividing one equation by 
the other, as in this example. 
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6. ;»» -j- y« = 337 \ (IV Raise (2) to the ith power. 

« + y = 7J (2). 

(1) ^^ ^ +y- 337} s^^^^^^- 

4a?^y + 6a?y^ + 4a?/ = 2064 Divide by 4 xy 
iT* + |*y + / =-— Square (2). 

«* + 2a?^ -h y* == 49 Subtract. 



.« 516 
ixv = 49 . 

Multiply by 2a;y, and transpose. 

^y — 98i»y = — 1032. Complete the square. 

a?y -. 98iC5r + 49- = 2401 - 1032 = 1369, 

4?y — 49 = ± 87 ; 

ay = 49 ± 37 = 86, or 12. 

Taking ay = 12, and a; + y := 7, and proceeding as in 
Ex. 1 , we have a? = 4, or 3 ; y = 3, or 4. 

7. a?« + / H- a? +_y = 922| (I). 

v/a:y= 20) (2). 

wy = 400 
2a;y = 800. Adding this to (1), 
a:* + 2a?y + y'-|-«+y= 1722. Complete the square. 

1 83 

±83-1 82 84 ,, 

.\a +y = g =— , or — — =41, or -42; 

and *.* «y =s 400, by proceeding as in Ea. 1, we have 

« = 26, y = 16. 



84 
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8. a?2 + 3^-f ;i? = 75 — 2^^| (1). 

y'- ^ + ^ = 24 ' I (^). 

/ + « — ^ = 24.... 



(3) 



J 



Add 



(^ + yy + 2(;i? + y) =s 99, Complete the square. 
(«+5')'+ 2(a?+y) + 1 = 100, 
^ + 5^ + 1 = ± 10, 

^ + y = ± 10 -^ 1 = 9, or - 11 ; 

.-. a? = 9 — y. Substitute in (3). 
y' - y + 9 - 5^ = 24, / - 2y = 1 5, 
y'^ - 2^^ + 1 = 16, 5^ - 1 = ± 4 ; 
••• 2/ = 1 ± 4: = 6, or — 3 ; and a? = 4, or 1 2. 

9. x'^f^zxy I (1). 'Multiply(J)by;p + V 

•'c-' + 5^- = «* — y'J (2). 

x' 4- ^-^ _ xf - y^ = a?y (a; 4- y)\ 

x' -y^ = /+y^ 7 Subtract. 

= iP> + «y^— a?^— y\ Transpose 



x^ ^y^ 
2a?' 



-!^^' 1 Add. 

= 2«/ + a?y. Divide by 2 a?. 



X 



x" 



=/+* 



^ ^ ^ 2 4' 



Substitute these 
h values of x 
and a*" in (1). 



.nH..-^ . n/5^ n/5(./5 4-1) 
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10. 5 -h \/«y = 4\/y + a 

8 +x = v/iaS H- 64y, 
(2) 8 + a? = V 64 (2 4- y), 
S -\- a =8 v/y + 2" 



(1). 
(2). 



Subtract. 



0) 10 + 2a?^y^ = 8v/y + S. 
2 + 2 a;^5^* — a? = 0, 



.*. 2a?*y^ = a; — 2, .-. y^ = 



a? — 2 



.«. 5^ = ^^ — TT^* •'• 64 y = — ^^^;; ^. Square (2). 



4a? ' " ic 

64 + 16 a? + or^ = 64 3^ + 128, 

_ 16(;g~2)^ 

Of 

^^+ I6a?- — 64a:"= 16af- — 64^ + 64, 

a?* = 64, .-. a? = 4, 



/. d?^ + 16;r — 64 = 



__ (4 - 2)" ^ ^ = ± = 1 
^■" 16 "16'"16~4' 



11. 0?*= 3^ + 2^1 Add and subtract. 

y^= 2a? + Syj 

^4 4. y* = 6 (a; H- y), (1), X* - y* = a? -^f, (2), 
(2) (x"' + /) (a?- — y) = a? — y. Divide by a? - ^. 



1 



ix' + y^) (a? +y) = 1 (3),^ -'-^ +^ =i^+ y ' 

(1) a;^ + y = ^T^2, ••■ (^^ + y') K + y') = 5 - (4)' 

(^' + /)- (^ + yf ^ 1 jj squaring (3) and dividing 
(ar* + y)(^'^ + y) ^ byV). 

(^ + y^) (^ + y)'^ ^ 1 
x^ + y' 5 



or 



a?^ + 2a?^/ + y' + 2a?> + 2a?y^ _ 1 
a?* + y* 6 
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Clearing this equation, and dividing by 4d?^y*, we have 

P + a + i^ + ry + a-l^^-^*'*^*^- 

y X' ^\y xJ 

\^ x) aVy xj 

Completing the square, and extracting the root, we have 

--!-- = ^ — ~- — . Multiply by -, and transpose. 
y X ^ y 

x^ 5 q: ^ 1 7 a; Complete the square, and ex- 

TT "^ 4 'y = — 1- tract the root 

X __ 5hP v/17 T y (- 2a ip 10^17) 
y- 8 • 

(2) (^^ + y^) {x + y) (0?- j^) - (a?-y) = 0, 

It is evident from the last part of this solution, that any 
factor common to all the terms of an equation is equal to 0. 

Again, a?* = 3;r -f 2a; = fix^ .*. s^ = 5, .*. x s= v/S. 

When the «wm of the indices of the unknown quantities is 
the same in every term, the equations are called homogeneous, 
and they may be solved, when no simpler solution presents 
itself, by assuming one of them to be equal to some unknown 
multiple of the other, as in the following example. 

12. a?^ + y^ = 34 ) Assume x:=vy, then a^ = o^y^ 
x^ — xy = 10 J and xy = vy-, 

34 
... rV + y* = 34, (i;2-|.i)y2 = 34, ...y2 = __^ 

r«y«-ry«=rlO. (r' - v)y* = 10, .'. y" := ^^ 



««-v 
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81 10 17 

Henc6, ., . ., = -z , or 



V-i 4-1 V' — V V^ + l V^ — V 

17r- - 17v = bv^ + 5, 12»* - 17v = 5, 

V- — rr; t; = TT, Eiid solviug this quadratic, we have r = -, 
\^ 1*2 ° ^ 3 

,_ 10 _ 10 ?2_-_?5 — Q 

•'• ^" "" »^ - t? " 25 _ 5 ■" 25 - 15 "~ 10 "" ' 

9 3 

. , If = 3, and a?=t;y==-x3 = 5. 

ft 

13. a;' + ^y -f y^ = 37] ... (A). The method adopted in 
o o ftoL /\ the last example would 

y^ + y;^ + ^' = 19J ... (c). however, give anothsr 

solution. 



A — B, 
B — C, 



y +.^ + ^ = ^3^1 (^)- 

^ «-y' 

9 9 

or y — ;? = a? — y, 



y — « ^— y 
.*. a? + ;!? = 2y, Substitute in (D). 

3y = - ^, y = - -, y«-y««3, 

y — cf y — z 

y;»=y2-.3, .-. ;if = i 

4^ « o . n^ Substitute in (Cl 

^"- ?~ 
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if 

3/ - 28/ = - 9, 

28 
y* 3"^^ "^ "~ ^' ^^' solving this quadratic, we have 

3 3 
y= ±3, .\z=y = ± 3 = -H 2. 

2/ ±3 — * 

and ;p = 2y — 4? = ± 6 :;: 2 = ± 4. 



1. ar^ + y^^aOA Ans. ;p = 4. 



;»2 



-/=12.J 



y = 2. 



2. ar +5^ =6. I Aii8.a?=5. 
^ + 2/^ = 26.1 y=j. 

3. ;ir^ + /=10.| Ans.^ = 3. 
a; -y =2. J ^=1. 

4. aj« + / _ 25 X ^j^g a: = 4, or — 3. 
^ 4-y = 1. j . y= _3 0J.4. 

5. iij2-/.= i6.| Ans. iP = 5. 
X + y = 8. J y = 3. 

Ana. a? = 3, or — 2. 
y = 2, or — 3 

7. a?* H- y* = 189. 1 Ads. « = 5, or 4. 
«y + ^y'=180j y = 4, or 5. 

8. 10^1? -h !/ = 3xf/.) Ans. a? = 2, or — J. 

y- a = ^. J y = 4, or - 4. 

9. a?'-|-/ + ^+y = 18.)Ans.4?=3, or2, or — 3±^3. 

2a?y =12. J y=2, or 3. or - 3iF^3. 

10. ^V+/=19.) An8.a? = 3. 

a?/+y=4. J y=l. 



6. a? — y = 1. ) 
a?3-/=l9.J 
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Ans d; = - (a^ + 1). 
(« 

^ = ^(a^-l). 

12. 9ar^ = 4/, 8^y + 2a? + y = 485. 

Ans. a = 10, or — 10^. y = 15, or — 16^. 

13. ar''\-f^af-y = lS.\ Ans. a = =^ 



afy 4- a? + y = 39. 



14.1-1=1. 

y X 4k 

15. or + a?y = a^ + ah,\ 

16. ISary = 5a; + 12 y.) 
/■ — a?- = l. ) 

17. 2^^ + 3i» =8. ) 
3/ + 2a?- = 11. J 

18. y — a? = 2. ) 
3x2/=:10a?+y I 

19. a? +5^+ \/(a? + y) = l2.| 

;»»+y^^=189. 

20. Xxy = 96 — «;>'.) Ans. a? = 4, or 2, or 3 ± ^/21. 

;» +y = 6.) y = 2, or 4, or 3 =p v/21. 

^'+/ 13 \ A Q 

^ — Ans. a; = 3. 

3^ = 2 

Ans. a? = 8, — 1,— 3, — 7 

y = 4, 8, - 2, 2. 

Ans. a? = 3, or 4. 
y = 4, or 3. 



2 

a: - 13 q: \/T39 

^ 2 

Ans. a^ = 4, or — 2. 

y = 2, or — 4. 

Ans. X = a. 
y=h. 

Ans. a; ^ 1 i^. 
y=l§. 

Ans. a? = 2, 2/5^. 

«/ = 1 2 9 

Ans. a? = 2, — J. 
y = 4.- 1§. 

Ans. a? = 5, or 4. 
5/ = 4, or 5. 



21. 



xy 



6 



. a?> + a;/ = a?"/ + 42. J 

22. a;- + /+4x — 6y = 13.| 
a?y — 3a? -h 2y= 11. J 

23 (x2+y2)a?y=3600.| 
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24. a?^ + y« = 2657. ) Ans. d? = 7, or 4. 

25. 2d? + 2y--;i?--y-4-2 = 0.\ 
«2/ = 3. I 

Ans. a? = 3, or 1, or — (1 ± ^/^ 2). 
y = 1, or 3, or - (lip x/— 2). 

26. ;r^4-y' = 61.| Ans. ^ = 6. 
x' — d?y = 6. J y = 5. 

27. «+y=10. I Ans. a? = 7,' or 3. 
^' + y' = 17050.1 y=^3, 01-7. 

28. x' + afy + y«= 21.| Ans. a? = 1 
d7-<a?iy4 + y = 3. J y = 4. 

29. xy"' + 12a?y = 9jj« + 4/.| Ans. a? = 4, or -- 3. 
«--f4a;H-y^ = 65^ + 24. J . y = 2, or 9 

30. a?— y = 2. I a?= 4, -2, orv/^T5 + 1. 
a?*H-y = 272. I y = 2, -4, or ^^ZJ^ _ j 

31. a?'-H- 2afy +y + 3a;= 73.| Ans. a? = 4, or 16. 
y- + ;i? + 3j^ = 44. J y-^5^or_7 

32. (0?^ + f) (^ + y) = 120. \ Ans. a; = 4. 

33. a?y = 6. I Ans. a? = ± 3 
3d?-^-7y*^+l = 0.| y=±2. 

34. 2a?-*y-4 = 1 + ai^^ | ___ _ 

» — y= v^(a — dj-ry) — >/(« + «? — y) J ^— y = 1. 

35. a? - y = 3, a?' 4- y'' = 19 (a? + y). 

Ans. a? = 5, — 2, y = 2. — 5 

36 * — 2 v'^y + y- v^«+ >/y = 0.| ;j? = 9, or— . 
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37. -^^1^ = 91. 



38. ^ — %x^y + y^ = 49, 

Ans. a? = d: 8, or ± >/6 



Ans. a; = 5 
y = 3. 



.1 



y = 3, or — 1. 



39. afH-y" = a) 



Ans. a; = VH v^(«^ — 4i»") + a}. 

5 



J^ = 



Vi{>/(*'-^^") + «}' 



4d?-5y = 10. ) 



Ans. a; = 5. 
y=s2. 



41. «« — a?y = 48y, a?y— 5r* = 3a^ 

Ans. a? = 16, or — 9|» y = 4, or 2|. 

42. ar^+y^- 15(a?4-2/) = -70.) 

8a?y H- 31 (a? + 5^) = 210. J 

43. Vy : >/a? : : v^a? + 3 : /v/d? + L' 
' x/xp + 2>/y = -^j + 3>/«. 

* y ar ■" 80* 
ar* + a:y = 66. 

45. 3a7^ = 2ary + 24.) 
/=a?y — 3. j 



Ans 


X 


= 2. 




V 


= 4. 




X 


= 1. 




y 


= 4. 


Ans. 


X 


= 6. 




y 


= 5 


Ans. 


X 


= 4. 



y = o. 



46. x'*' — 2ary + 8/ = 9, ar^ — 4a?y + 65^ = 5 



Ans. a? = ± 3, and ± 



5 ^ , 1 

— , v := -♦- 2, and ± — 
v/2' ^ - ' >/2 
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47. ^ar^ — Sxy-j'f- = 4:.\ 
^•- 2^5^ + 3/ = 9. I 

48. J-^yi=zSaf.) 
a?i + y* == a?. J 

«y — (^ + y) = 54. 
(^'+yO(^+y) = 27.| 



*^** T5 : — i 

or — xy + ^' 



« 2/ 



= 2i. 



52. 2;i?"- 2^5^=:8y.| 
3;r5^-3y' = 2^.j 

53. (4?+y)(«-5^)2 = 32.) 



54. 4a?/~4?y= ^--'4. 

4 

;»* — a;y (a? — y) = 3. 

55. (a? + y)* — (a? — y)^ = a. 



Ans. « 



±3 

±2. 



Ans. a? = 4, or 1 . 

y = 8 



a> == 6, or — g. 
5^= 12, or — 9. 



Ans. a; = 2. 

Ans jr = 2, or I. 
y = 1, or 2. 



Ans. ^ 
Ans. a; 

y 



3. 
2. 

5. 
3. 



Ans. ^ = 1. 



A„.. = £.{'(^.J)}-. , = J(...^) 



56. (^-+/)(^ + 2/) = 2a:y.) 
(«* — y) (ii?' + 2/')= ^>"'-3 



Ans. ic == -j^j. 
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9H 



6M^+^)f-'^3^] 


#' 




Ana. a; = 3. 




2/ = 2. 


58. (^ + y=)-(^^+yO=^. 




Ans. ar = i. 


(« + yf + (^J^- 2)a?y = — . 


- 


y = i. 


59. (^-2)2/ +a?-2y^ = (y^-l)v/ipy.] 


Ads. « = 8. 


\/ xy — 12 a?y 
a?y _ 18 "" 4 ' 




- 


y = 2. 



60. (a?* - y*) (a?2 - /) = 45 a?V^- ) 
(«^ + y) (a? H- 2/) = 15a?2/. i 



Aps. « = 4. 



61. v(* + y) + V(-«'-y)=y , ,i 

Ans. a? = */^» y = V2- 
62. 8 V(2/ + 2) = a; + 8.| Ans. a? = 4. 

Ans. a? •= 3. 
y = 2. 



BN/(y + 2) = a; + 8.| 
^-«» = (2/ + 2)*. ) 
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63. ;r^-.r2, + y«=^,— ^. 

133 



64. >/(a?^ + V^+ >/(y' + \/^) = «-^ 

« 4- y + 3 \yhxy = A. 

Ans. ar = J {6* + v^(2a? - 5?)} 

€5. af^4-y* = 3a?y.| Ans. a? = jv__ r^g ^ j^ 



ar^ ^-/r=Q. 
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66. (x-\-yy = U(a^y). 



(Of' + y') (« + y) =«= 76 



;} 



67. af* + y^=zl + ^xy + 3d?V- > 



Ans. a; 
Ans. ar. 



6 



= 1 

= 1. 



68. (a?'- + d?y + y2) (a?« - a?y + y^) = 481. ) Ans. o^ = 3. 
(^' +/f -(ar^ + y')^j^ = 325. I ^ = 4. 



69. a? ~ 2 \/^ay ^t/^zr^h s/ay, ^ 
i»^ — 8 \/ ay . a? = 2 a j< — 9y^ J 



Ads. « = 7a. 



70. ip^ + / = 



v^2 



^ + j^* = l 

71. «' — y'' = 127.) 
a?-y=l. J 



72. a? + y + « = 3a. 



xyz = a" 



a. ) 

73. xy = a'\-y, \ 
xz = ii(x + i),l 
i/z = S(y -^z). ] 

1 

' z =i 6. \ 

= 13.) 
= 49.1 
= 31.j 



74. oi^ -f y- + ^ = 14. 

«'-4-y = 3. 

4r^+y=ll. 



75. d?y + ;8? = 6. 
xyz 
2(4r» 

76. a^ + a?y+y» 



•«y-»;ar = lj.) 
•'y^^= 18. L 
^«»=108. j 



77. ar«y-»;» = 1|/ 



^=y = 
Ans. ^ 
Ans. X 

y 



z = 



1 

V"2- 

= 2. 
= 1. 



a. 
a. 
a. 



Ans. AT 

y 

z 



Ans. a? = If. 
« = — 12. 

Ans. a? = ± 1. 
y = 2. 
2f= ±3. 

2, — 2V^±4. 
2, -\J%±\. 
1, 4. 



Ans. « = 

y — 

Z =: 

Ans. X = 
« = 



±1- 
±3. 
±6. 

±1. 
±2. 

±a 



78. {x+ N/y)' = y»— 4*8.') 

X + % 
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Ana. x = 4. 
y = 16. 



4 >/y = a + s. I 8 = 12 

Problefns, 

1. A sets out from London to York B from York to 
London; A arrives in York 9 hours, and B in London 16 
hours, after thej had met. In what time did each perform 
the journey? 

Let jc = numher of hours each was on the road before 
they met, 

then a -{• = A*s whole time, 

a^ 4- 16 = B's, 

honn. hours, joornej. 

a? + 9 : ^ : : 1 : = the part A goes before they met, 

;» + 16 

Hence, — -7, H — r^ = 1, (the whole journey) 

aj + 9«H-lo 

«* + 16a; + «* + 9« = a?2 + 25a; + 144, 

•. aj» = 144, X = 12, 

.'. « + 9 = 21= A*8 time in hours, 

ar + 16 = 28 = B*s „ . 

Or thus : let a; be A*s whole time, 

Q 

w: 9 : : 1 : ', A*s part of distance after they met» 

16 , 
a; : 16 : : 1 : — , B s, „ 

y 

Hence^ — \ = 1, /. 9y + 16 a? = a? v. 

But « :=y — 7, .*. by substitution, 

9y+16y_112=y'-7y, 

/. jr = 38 hours = B's time, ie=y — T = Z1 hours = A's time. 



96 QUADBATJC EQUATIONS. 

2. A and B set out at the same time, A from C to go to D, 
end B-from D to go to C; they meet on the road, when it 
appears that A has travelled 30 miles more than B, and that, 
at the rate he is travelling, he will reach D in 4 days, and 
that B will arrive at G in days. Find the distance of C 
from D. 

1 ^et 0? = A's distance before they met, 

y = B's 

.-. Xr=zy ^ 30. 
Now y = miles A goes in 4 days, 

4*17 

y : a; : : 4 : — = N°. of days A is travelling before they meet. 

if 

Again, x = miles B goes in 9 days, 

9v 
• ar : y : : 9 : — =r N°. of days B is travelling before they meet 

Hence, — = -^ ; 
y X 

3v 
.-. 4x« = 9y2, .-. 2a;=3y, •. a? =^ -j^. 

Hence, -^ = y + 30, .'. y = 60, and x = 90, 

.'. X -f y = 150 miles = the distance. Ans. 

3. What are those two numbers whose difference is 2, and 
^hose product multiplied by their sum is IS? 

Let X ^ the greater, and y = the less, 

then a? — y = 2, or y = a? — 3, 

and xy (a? + y) = 12, or xy + xy^ = 12, 

x^{x — 2) + a?(ar — 2)' = 12, 

ar» — 2a?»-f ar^ — 4aj«+ 4a?=: J2, 

2ar^— 6aj« + 4a?— 12 =0, 

2j?'^(a?-3)-f 4(;r-3) = 0. 

.«. ;r = 3, y = I. 
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4. The sum of two numbers multiplied by the sum of their 
cubes is 113, and the cube of their sum is to their difference 
as 3d to 1 ; find the numbers. 

Let X = the greater, and y = the less, 
then(a?+5^)(ar'» + y0 = n2. 
and (a? + y)"* : « — y : : 82 : 1. 

(a? H- y)* : ^ — y^ : : 32 : 1, or 
4?* + 4af*y + Cary H- 4a?y« + y* = 82(ar^-y*), 
4a?* + 4a?> + 4a?y^ + 4y* = 448 

3 «* - ^xf + 3y* = 448 — 32 («« - f) 

/^ o ., . 32 , „ .,. 448 

X' - 2ary^ + y* + _(^-y^) = ^, 

82, , ,, /16\2 256 . 1344 1600 
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.-.(«+ y)* = 32 (or* - y^) = 256, 

« + y = 4, «— y = 2, 

.*. ar = 8, y s= 1. 

Problems producing Equations. 

1. Required two numbers whose difiference is 8, and pro- 
duct 128. Ans. ± 8, and ± 16. 

2. There are two numbers whose sum is 40, and the sum 
of their squares is 818; find them. Ans. 23 and 17. 

3. What magnitude is that which exceeds its reciprocal 

by 1 ? Ans. ^ (1 ± v/s). 

4. A person bought as many sheep as cost him 60^., and 
after reserving 15 out of the number, sold the remainder for 
54^., and gained 2«. a head by them ; how many did he buy ? 

Ans. 75. 

5. A, B, and G together perform a piece of work in a 
certain time ; A alone could have done it in 6 hours more, 
B alone in 15 hours more, and C alone in twice the time* 
how long did it occupy them ? Ans. 3 hours. 

6. In a circular grass plot, a walk, A B, outs another, C D, 
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into two equal parts in the point E ; A E = 25 feet, E B = ^ 
of C D — 16 feet ; required the length of C D. Ans. 40 feet 

7. A grazier bought a certain number of oxen for Q40Z., 
and after losing 3, sold the remainder at SI. a head more 
than they cost him, thus gaining 592. by his bargain ; what 
number did he buy ? Ans. 16. 

8. The reckoning of a party at a tavern was SI. 12s., but 
in consequence of two of them having no money, each of the 
rest paid Qd. more than be otherwise should have done; 
required their number. Ans. Id. 

9. A person at play won twice as much as he began with, 
and then lost 16 shillings ; after this he lost four-fifihs of 
what remained, and then won as much as he began with, and 
counting his money found he had 80 shillings ; what sum did 
he begin with ? Ans. 525. 

10. There is a field in the form of a rectangular paral- 
lelogram, whose length exceeds the breadth by 1 yards, and 
it contains 3000 square yards; required the length and 
breadth. Ans. 60 and 50 yards. 

11. Two partners, A and B, gained 18Z. by trade; A*8 
money was in trade 12 months, and he received for his 
principal and gain 26Z. ; also B s money, which was 30Z., was 
in trade 16 months; what money did A put into trade? 

Ans. 20/. 

12. There are two square buildings that are paved with 
stones a foot square each, the side of one building exceeds 
that of the other by 12 feet, anU both their pavements toge- 
ther contain 2120 stones ; what are the lengths of them 
separately? Ans. 26 and 38 feet respectively. 

13. A person by selling a horse for 56Z., gains as much 
per cent, as the horse cost him ; what was its original price ? 

Ans. 4:01. 

14. The difference of two numbers is 6, and the sum of 
their squares multiplied by their product is 4640 ; find them. 

Ans. 10 and 4. 

15. A and B start at the same time to travel 150 miles, 
A travels 3 miles an hour faster than B, and finishes his 
journey 8^ hours before him ; what is the rate of each? 

Ans. 9 and 6 miles per hour. 

1 6. A man working for 1 hours, assisted by a boy who 
works for 6 hours, does a certain piece of work ; if the n^ian 
had worked for 6 hours and the boy for 10, only two thirds 
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of the work would have been done ; how long will it take the 
man and the boy to do the work, supposing the man to work 
6 hours longer than the boy ? 

Ans. man, 10-j^^ hours, boy, 5-j?^ hours. 

17. A person rows 20 miles down a fiver and back again 
in 10 hours, and he finds that he can row two miles against 
the stream in the same time that he can row three miles 
with it ; required the rate of the stream, and the times of his 
going aupl returning. 

Ans. f of a mile per hour, and 4 and. 6 hours. 

18. A body of men are just sufficient to form a hollow 
equilateral wedge, three deep, and if 597 be taken away, the 
remainder will form a hollow square four deep, the front of 
which contains one man more than the square root of the 
number contained in a front of the wedge; what is the 
number of men? Ans. 693. 

19. Two merchants enter into partnership with lOOL ; one 
has his money in business for three months, and the other 
for two months ; and each receives 99/. for his capital and 
profit; find the contribution of each. Ans. 45/. and 55/. 

20. Two detachments of infantry are ordered to a station 
distant 39 miles ; they begin their march at the same time, 
but one party by travelling J of a mile an hour . more than 
the other, arrives one hour sooner; required the rates of 
marching. Ans. 3 and 3^ miles an hour. 

*2l. A vintner sold 7 dozen of sherry and 12 dozen of 
claret for 50/. ; he sold 3 dozen more of sherry for 10/. than 
he did of claret for 6/. ; required the price of each. 

Ans. Sherry, 2/. per dozen ; claret, 3/. per dozen. 

22. The number of men in both fronts of two columns of 
troops, A and B, when each consisted of as many ranks as it 
had men in front, was 84 ; but when the columns changed 
ground, and A was drawn up with the front B had, and B with 
the front A had, the number of ranks in both columns was 
91 ; required the number of men in each column. 

Ans. 2304 and 1296 

23. A and B lay out some money in speculation ; A dis- 
poses of his bargain for 11/ and gains as much per cent, as 
B lays out ; B's gain is 36/., and it appears that A gains four 
times as much per cent, as B ; required the capital of each, 

A's capital, 5/., and B*8, 120/. 

F 2 
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S4. A detachment from an army was marching in regular 
column, with 5 men more in depth than in front ; but upon 
the enemy coming in sight, the front was increased by 845 
men, and by this movement the detachment was drawn up in 
five lines ; required the number of men. Ans. 4550 men. 

25. In a mixture of wine and dder, one-half, together with 
25 gallons, was wine, and the cider was less than one- third 
part of the mixture by 5 gallons ; how many gallons of each 
did it contain ? Ans. 85 of wine, and 85 of cider. 

26. The difference between the hypothenuse and base of a 
right-angled triangle is =s= 6, and the difference between the 
hypothenuse and the perpendicular is = 3 ; what are the 
sides? Ans. 15, 12, and 9. 

27. There is a number, consistinj* of two digits ; and 
being multiplied by the digit on the left hand, the product is 
46 ; but if the sum of the digits be multiplied by the same 
digit, the product is only 10 ; required the number. Ans. 23. 

28. A and B gained by trading lOOZ. ; half of A's stock 
was less than B's by lOOZ. and A's gain was three-twentieths 
of B's stock ; what did each put into stock, and what are the 
respective shares of the gain? 

Ans. A's stock was 600i., and B's 400Z. ; A's gain was 60Z., 
B's 40i. 

29. Trom two places, at the distance of 320 miles, two per- 
sons, A and B, set out at the same time to meet each other; 
A travelled 8 miles a day more than B, and the number of 
days until they met was equal to half the number of miles 
B went in a day ; how many miles did each travel per day, 
and how far did each travel ? 

Ans. A went 24, B 16 miles per day; A went 192, B 128 
miles. 

30. There are two rectangular vats, the greater of which 
contains 20 solid feet more than the other. Their capacities 
are in the ratio of 4 to 5, and their bases are squares, a side 
of each of which is equal to the depth of the other ; what are 
the depths ? Ans. 5 feet, and 4 feet. 

31. Three persons divide a certain sum of money amongst 
them in the following manner : A takes the nth part of the 

whole, together with -£, B takes the nth part of the; remain- 
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der, together with - £, C takes the «th part of that which now 

remains, together with - £, after which nothing remains ; find 

n 

the sum of money. 

Ans. ; r-r — cl£. 

{n - If 

32. The distance between two places is a, and on the first 
day — th of the journey is performed, on the second day - th 

of the remainder, then — th and -th of the remainders alter- 

m n 

nately on succeeding days ; find the distance gone over in 
^p days. 

An8.ajl-(l-l).(l-iy|. 



CHAPTER VII. 



INEQUALITIES, RATIO, PROPORTION, AND 

VARIATION. 

XVIII. Inequalities are indicated by the sign > greater 
than, or < less than ; thus 5 > 3, 4 < 6, a > 5, are inequaUties. 
They may be treated in the same manner as equations, ex- 
cepting that when all the terms have their signs changed, 
the sign > must be changed to <, and the sign < to > ; for 
whenever a is > J, — a is necessarily < — 6 ; for instance, 
5 > 3. but — 5 < — 3. 

Examples. 

1. Let m and n be any two vmeqxial quantities, then 

m- + n- > 2m». 

For •.• no square quantity can be negative, 

/. (m — n)- or m^ H- n* — 2mn is positive ; 

.•. the positive part of this expression is > the negative 
part; that is, m- -^ n^ > S/wn 
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3. Show that »yU + ^/7 is greater than ^19 + n/3 

^11 + v^7 > or < y/l9 + ^54 

according as (v'll + >/7)- > or < (^19 + ^2)^ 

or, 18 + 2 >/77 > or < 21 + 3 >/38, 

or, 2 ^77 > or < 3 -h 2 ^38, by sub- 

tracting 18 from each, 

or, 308 > or < 161 + 6 v'38 ; by squaring each, 

or, 147 > or < 6 ^38, by subtracting 161 from each. 

Now it is evident that 147 is greater than 6 >/38, 

.'. ^11 + <y7 is greater than ^19 + ^2. 

3. Show that every fraction + its reciprocal is > 2. 

Let — be the fraction, then — is its reciprocal, 
n m '^ 

Now 1 > or < 2 

n m 

according as ( 1 j > or < 2^, 

or, - + 2 + — > or < 4, 
n- m- 



or,-- +— > or < 2. 

But \- 2 — . — = 2, /. -3- + — s > 3 (by Ex. l\ 

Heuce — | — > 2. 
n m 

4. If y = I 4- 44r — or'S what value of a makes y the 
greatest possioie't 
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a* — 4a? = 1 — y, 

V — 4a? 4- 4: = 5 — y, .-. a? — 2 = v^ "" 2/» 

.'. 0? = 2 di \/' 6 — y. 

Ans. X must = 2, and then y will = 5 ; for the value of x 

above found, namely, 2 ± \/b — y, becomes impossible when 

y > 5 ; and when y becomes = 5, the expression ± v/5 — y 
vanishes, and x = 2, [For additional Examples, see Ap- 
pendix.] 

6. Which is greater, n/7 -f v^lO, or ^3 + ^19? 

Ans. ^3 -r v^l9. 

6. If 4x — 7 < Soj -f- 3, and 3« -f 1 > 13 — x, find an 
integral value of x, Ans. a; = 4. 

7. Show that^-T — > — ^^ ; and a" -f 6' > a*h + o^*. 

8. Show that --5 lies between 3 and -, for all real 

» + w -I- I 3 

values of n. 

RATIO. 

[Although Batio and Proportion have been occasionally UAed already, yet 
the genei'oi theory remains to be established.] 

XIX. Hatio is the relation which one quantity bears to an- 
other with respect to magnitude ; thus 12 is 3 times as great 
as 4, and the ratio of 12 to 4 is 3 ; this is expressed 12:4, 
the former 12 being called the antecedent^ and the latter 4 the 
consequent of the ratio. 

It is obvious that this ratio might be expressed by the frac- 

tion -— , •.• -— = 3. 
4 4 

12 1 
Similarly the ratio 12 :,86 = ^ = 5. and in general the 

value of the ratio of a : 6 may be expressed by jr. 

The value of a ratio is not altered by multiplying or divid- 
ing both its terms by the same quantity. 

j?or a : e^ = T- =s — r, .*. a: 6 =f yea* i>6 

' no 
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A ratio is called a ratio of greater inequality^ of less ine- 
quality, or of eqtcalUy, according as the antecedent is greater 
than, less than, or eqiuil to, the consequent. 

A ratio of greater inequality is diminished, and a ratio of 
less inequality is increased, by adding the same quantity to 
both its terms 

If a:b be the original ratio, and a be added to both its 

terms, the new ratio is a + x:b -{• a. Now > or < y 

-i- X 

J. ah '\- hx ah + ax . . , 

according as -z-- ^. > or < z-- by reduction to a 

^ h(b -^ x) h(b -^ xj ^ 

common denominator, 

a -\- X a ,. . - , 

.'. r— ; — > or < 7 according as ao + 6d? > or < ao + ax^ 

-\- X 

according as &« > or <ax, according as 6 > or < a 
(Art. XVIIL); that is, 

if a > ^, < -, or the ratio is diminished; 

-t X 

if a < i, 1 > -, or the ratio is increased. 

-t X b 

A ratio of greater inequality is increased, and a ratio of 
less inequality is diminished by subtracting the same quantity 
from both its terms. 

li X, less than a and ^, be subtracted from them both, the 

original ratio = t» aud the new ratio = ■; ; 

b b — X 

a — X a ah — bx ah — ax 

•*• I -^ or < - as 777 ^, > or < c-— ^^ 

h -- X b 6 (6 — «) b{b ^ x) 

that is, SiS ab — hx > or <ab — ax\ 

whence, adding ax -^hxt/o both members of the inequality, 
in order to avoid detached negative quantities, 

a ~— X a 

' > or < 7- according as 

b — X 
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ah-'hx •{' a» ^ hx> or < ab — ax -{■ ax •\- hx\ 

as, ah '\- ax> or < ab -^ hx\ as ax > ox < hx\ as a > 
or < &, contrary to the last ; that is. 

a ~ X a 
if a > 5, 1 > -, or tlte ratio is increased ; 

Jb ^ X 

a ~~^ X a 
if a < 6, -; < T» or the ratio is diminished. 

— X 

If the ratios a : h and c : d have their antecedents mul- 
tiplied together, and also their consequents, the resulting 
ratio acihd is said to he compounded of the two former. 

The ratio c^ : 6^ is called the duplicate ratio of a to h. 

s/a : s/h „ subduplicate. 

a^ :P^ „ triplicate. 

X/a:\/b „ subtriplicate. 
&c, &c. 



It 



PROPORTION. 

XX. Proportion is the equality of ratios. Thus if the 

a c 
ratio a:b he equal to the ratio c : d, that is, if t = 3« the 

a 

four quantities a, 5, e, ^^ are called proportionals, and 
a : 6 : : c : (/, or a : 5 = c : (2, is called a proportion. 

Propositions, 

1. If four quantities are proportionals* the product of the 
extremes is equal to the product of the means. 

Let a:b::c:d he the proportion. 

£t C 

then T = 3* Ai^cl* multiplying hoth memhers of this equa- 
ls a 

tion hy bd^ we have ad = bc. 

Cor. 1. If a : d : : 6 : c, then ae = 6% and .*. b = y^ac, 

where 5 is a mean proportional to a and c. Hence a mean 

proportional hetween any two quantities is equal to the square 

root of their product. 

XV ^ . . be , ad ad J be 

Cor. 2. V ad =ibe, .: a = -j, 6 = — , <? = -r* « = — J 

ii c h a 

F 3 
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Hence, if three terms of a proportion be given, the fourth may 
be foond. The Rule of Three, in Arithmetic, is derived 
from this. 

$2. If the prodact of two quantities be equal to the product 
of two others, the four will constitute a pjroportion if the 
terms of one product be made the extremes, and the terms of 
the other the means. 

Let no? = my, then, dividing by ny, 

X tn 

- = — , .', a:y::m:n. 

y n 

3. If a : & : : c : J, and c : J : : m : n, then aihiimm, 
(Euclid, Book V. Prop. II.) 

—.ac.cni am 

h a a n on 

,\ a\h Mfnm, 

4. If a : 6 : : c : (2, then h xawd: c. (Euclid, Book V. 
Prop. B.) 

For T = j» /.- = -, .•. 6 : a : : o : c. 
a a c 

This operation is called inioertmdo. 

5. If a : 5 : : c ; d, then a; ewbi d, (Euclid, Book V 
Prop. 16.) 

For T = 5. ftiid* multiplying by-, we have 

- = -, /. fl : c : : : a. 
c a 

This is called aUemando. 

6. If a:h:\ c: d, then a -^^ h:h :\ e •{' d :d, (Euclid, 
Book V. Prop. 18.) 

For r = ^» and* adding 1 to each side, 

j4.1=5+l, or--3-=— -, 
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,\ a -^ b :h :: e •\' d : d. 
This is called componendo, 

7. If a :b i: c:d, then a — fc:6::r— i:rf. (Euclid, 
Book V. Prop. 17.) 

a— ft o—d 
or — r — = — —-, /. a — : 6 : : c *- a : a. 
6 a 

This ifi called dividendo. 

8. If a : fr : : c : e/, then a ^h : a:: c^d,: c^ 

and a : a — 6 : : c : — rf. (Euclid, Book V. Prop. E.) 

For ^-^ = ^-^, by Prop. 7, 

and - s= -, „ 4, 

a 

a — ft ft c — </ rf a — ft c — <3? 

.-. — Y— X - = — r— X -, or = , 

b a d c a c 

.'. a — ft : a : : c ■— (/ : c, 
and a : o — ft : : c : e — J, inverUndo. 

9. If a : ft : : c : (2, then a + ft:a — ft::c + flf:c — rf. 

For — g— = — J-, by Prop. 6, 
, a — ft <» — rf 

a + ft ^ a — ft c -^ d c — d a -^ b ^^c -^ d 

.*. a + ft:a — ft::c-|-rf:c — rf. 

10. If a : k :: e : d :: e :f, &c., then 

a:ft::a + c + tf+Ao. :ft-frf+/ + &c. (Euclid, Book V. 
Prop. 12.) 

••• r = •> •*. ^d = fte, .'x = 5» ••. «/ - ft^j ttn«l «ft = ^«- 
Q a ^ J 



108 PROPORTIOK. 

Hence ab -{- ad + af ^^ ba -\- be -h b$, by addition, 
oraQ) + d +/) = 5(a -f c + •), 

,\ a:b :: a -^ e i- e : b -^ d -|-/» by Prop 2, 
and similarly when more quantities are taken. 

c d 

11. If a : b :: e : d, then ma : mb : : - : -, 

n n 

and maiX - :: mc : -. 
n n 

e 

^"'6=5* •■•;;^=^ (Art. IX.). 

n 

. c d 
.'. ma : m6 : : - : - 

n n 

.a c ma mc ma mc 

^"•6 =5- •••—=■7' 6'=-7' 

n n 

.'. ma : - : : wc : -. 
n n 

12. If a : 5 :: c : £?) .,^ ./. ,, 

a c e g ae eg 

^^^b'^d' 7 "^ i' •*• Tf ^ 5^* ^^ multiplication, 

.*. ae : bfi: c^ : dh, 
and similarly for any number of proportions. 

13. If a:b :: e : d, then a" : 6* : : c" : (T, n being either 
integral or fractional. 



a e a^ c"^ 



For r = J. ••• T. =* jI» •*• a" : ^" : : c" : d\ 
b a b* d* 

14. If a : 6 : : 5 : <?, then a : c : : a« : 6». (Euclid, Book V 
Def. 10.) 

Yj,a__6 .*__* ^_^ * *' 

.*. a : c : : a* : fc' 
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15. Jf a:b ::b : c :: c : d, then a: d::a^: i^, (Eaclid, 
BookV. Def 11.) 

— a a b c . a b e 

For — = — X — X -T, and — •= — = :t, 
abed b e d ' 

, a _ a a a _a^ . .7 . . i . m 

d b b b b^ 

In this proposition, and the preceding, the given quantities 
are in continued proportion. 



VARIATION. 

XXI. When two quantities have such a mutual relation 
that oneybeing changed the other is changed in the satns 
proportiouy they are said to vary directly as each other. 

Suppose A and B to have such a relation to each other, 
that if the value of A becomes a, B will have such a value 6, 
as that A : a : : B : 6 ; then A varies directlj as B, or A a B. 

For instance, let A represent the area of a triangle, b the 
base, and p the perpendicular altitude ; then if p be constant, 
A a 6. (Euclid, Book VI. Prop. 1.) 

Suppose A and B to have such a relation to each other, that 
A being changed to a, B is changed to 6 in such a manner 

that A : a : : — : -r- ; then A varies inversely as B, or 
B b ^ 

A a — . 
B 

Let A » b and p represent the same magnitudes as before, 
then A =4^j' (Euclid, Book I. Prop. 41.); and if A is 
constant, and b increases, p must decrease in the same pro- 

portion : thus if b becomes mb^ p will become ^, .\b varies 

'^ m 

inversely as />, or fc a — . 

Prop. If A vanes as B, A is equal to B multiplied by some 
invariable quantity. 
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For V A:a::B:6, .*.A:a::i9iB:m&, .\ A:mBT:a:mb, 
ajteraando ; if, therefore, m be 80 taken that A = m B, then, 
in all cases a = mb. 

Conversely, if A s mB, and m is constant, then A a B. 

*«* This propoddon la of yery extentire ofe in Variation, since the 
yariation ia eonvertible into an equation. 

ExampUi m InequaUtiea^ Baiio, Proportion, and Variation, 
]. Which is greater, the ratio of 15 : 17 or 17 : 19 ? 



16_ 16 19 286 

17 ~ 17 ^ 19 "* sas 

11 — II 17 _ g89 

19 — 19 ^ 17 ^ 823 



/. 17 : 19 is greater. 



2. Prove that a' + ^ : a* -f 5^ is greater than 
a^ + 6« : a + 6. 

g-^ + 6'^ «. <*^ + ^^ a + 6 a* -f aH + a^ + h* 
a^ 4- 6> "-«•* 4. i-' ^ a +^ "^ (a* + &') (« + 2^) ' 

a + b " a'\-b ^ a« + 5« "" (a« + 6^ (a -h 6)' 
.-. a'» + ^^; a^ + fc* > or < a* + 6': a + 6 
according as a^b -h a^'* > or < 2a*fc*, 
. or, as a' + 6^ > or < 2a6, 
.-. a» + 6«:a«-t-^>a* + fr*:a + ft. (Art. XVIII. Ba.l.) 

8. If « : ^ in the duplicate ratio of a : b, and a : ^ in the 
sub-duplicate ratio of a + « : a — y, then d« : a : : a; — ^ : 5^. 

«:y::a*:^, .«.*.. (l) 



Vfa 4- x) : ^{a-sd : * a • i, (2) 



« 




a« 




• • 


■^■^ 


^' 




a 


+ 


a; 


a- 


* • __ 




^■" is: 


i'» 
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a— y y 9 ^ 

i» + y : a — y : : jr — y : y ... dividendo, (Art. XX.) 
ii> + y:« — y::a — y:y... altemando, 

^X'.x-^y::a:y oomponendo, 

.\^x:a::x -~y:y altemando. 

4. If «^ + y':«y::13:6, anda?»— y»=20; « = 6,y=4. 
By Art XX., «* + y"^ : 2«y : : 13 : 12, 

x" + 2i?y H- y- : ay' — 3«y + y'^ : : 26 : 1. 

X -\' y ' SB -^ y :: 5 : 1, 
54T-5y = «+y, .•. 4«=6y, .•. dy = |y; 

|y^-y«=20, 9y»-4y» = 80. 

6y^ = 80, .•.y«=16, .•.y=±4, 

« = iy = |x ±4=x±6. 

6. If y =:p + 9 + r, where p is constant, ^ varies as x^ 
and r as -, and if, when 4» = 1, 2, 3, y = 3, 6i, 7 ; show 

X 

that y = 5 + or . 

X 
T * ^ ^ 

L.et qssax, r = -, .•. y =/? + a« + -. 

Butif jr=l, y = 3, .-. 3 =!> + a -f * (i) 

,» « = 2, y = — , — =1? 4- 2a + - (2) 



f> 



# = 8, jr = 7, 7=j> + 8a + g (8) 
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j- Subtracting. 

1 = - g, .-. 6 = - 8. 

6 3 

2 = ^ + 2' .•.«=!. 

3 =|) + 1 — 3, .•./> = 6, 

.-. y = 6 H- a? . 

X 

6. If a?« = a' + *^ and y» = c^ + i^ show that 

^y is greater than ae + hd^ and than ad + he. 

= (ac + 5i)2-|-(flK£-5c)^ 
. . a?^ = ^/{(ac + 5rf)^ + (afi? — hcf}^ which is > ac + ^t£. 

Again, x''f=d'd^ + ^^c^ + a'c' + 6^^-, 

= a^ J' + 'Zadhc + h^'e^ + a'<?^-2ac^e?+ ftV^ 

= {ad + 5c)^ H- {ac — 5rf)«, 
.-. i»y = s/ {(ad -{-hcf •\- {ac --hdy}, which is > ad-^-bc. 



^ ffi a c B ^ , 

7. If ^ = - = - = &c., prove that 
f^ i J 






ncH-;?c+&c. 



^+1=/+ Ac. 
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V d C 



.\ad=-bc, .\a^d^=i^c\ 



a 6 

- = -, J .-. af = be, .•. a^f' = 6■«^ 

Hence, by addition, a^b' + ard' + a-/* = a26> rc-+ b-e\ 

or, a\b^ + J^ +/^) = r (a^ + c^ + ^-), 
a^ _ g^ -h c' + g' . a __ / g^ + c^ -f. g^ + <fec. 



g ma 
b mb 



a no 
h n£ 



a ^pe 



amb =s.bmay and =:bnc, ap/'s:^ bpe 

Hence, amb -f and -\- apf=. bma + bnc + bpe, 

or, a(mb + nd + /?/) = 6(?7ig -\- nc -hpe), 

a ma -^ nc + pe + &c, 
' ' b mb -\- nd + pf-{- &c.* 



8» The ratio of the sura of the sides of a right-angled 
triangle to the hj-pothenuse is m : n ; show that m cannot be 
greater than .n v^2. 

Let a and b be the sides, c the hypothe- 
nuse, then a + b : c : : m : n, 
a^ 4- 6' = c\ (Euclid, Book 1. Prop. 47.) 

a -^ b m , m 

= — , .'. g -f 6 = c . — , 

en n 




2\ 



a^^^ab+ b'' = c\^, 

n 



2g 



,2 



+ Hb^ = 2c^ 



Subtract. 



n n" 
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fi 

Add and subtract. 

n 

.•.2 a = - {w ± A/(2n2 - m')}, 
n 

Now these values of 2 a and ^b become impossible when 
m^ > 2»^ or m > » -v/2, 

.'. m cannot be greater than n >/2. 

1. Which is greater, 3 : 7 or 4 : 9 ? Ans. 4 : 9. 

Compound the ratios 2 : 9 and 12 : 5. Ans. 8:15. 

3. Compound the ratios m : 6a^, Sy* : n, or: ily^, 

Ans. m : 47i« 

4. If ar > y ; which is greater, sc — y or (a* — y*)* ? 

Ans. 05 — . 

5. If A a B, and B oc C, show that A a C. 

6. If a : b:: c:d, prove that 

ma ±: nb :pa ± qb ::ma ±.nd:pc ± qd. 

7. If a?=y + 12. and v/^ : 4 : : J (;c + 5^) : 6, show tliat 
a: = 16 and y = 4. 

8. If a > 6. show that ^/(a-— 6') + ^/{a* - (a - i/'} >a. 

9. y(X X, and when « = 2, y = 10, show that y = 5a:. 

10. Find two numbers in the ratio of 3 to 2, whose sum 
multiplied by their product is equal to 12 times the difference 
of their squares. Ans. 6 and 4. 

1 1 Let y* a a^ — x^, and when x = 0, suppose y = 5 ; then 
shall ^ = J(«»-;r=). 
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12. If x:y :: a^: b\ and i/(c -f x) : X/(d + y):: a : b, 
show that dx = cy, 

13. The sum of three numbers in continued proportion is 
5^, and the sum of the extremes : the mean : : 10 : 3. 
Find them. Ans. 4, 12, 36. 



CHAPTER VIII. 

ARITHMETICAL PROGRESSION. 

XXII. When the terms of a series of quantities increitse or 
decrease by a common difiPerence, the series is called an 
Arithmetical Progression. Thus, 1, 3, 5^ 7, 9 is an arith- 
metical progression whose first term is 1, last term 9, common 
difference 2, number of terms 5, and sum 25. If this series 
were written thus, 9, 7, 5, 3, 1, its first term would be 9, 
last term I, and common difference ~ 2. 

Prop, To find the nth term and the sum of any arith- 
metical progression. 

Let a be the first term, I the last or nth term, d the 
common difference, n the number of terms, and S the sum of 
the series : then the series will be 

a, (a -f </), (a -r 2d), (a + 3d) {a -|-(w— l)d}. 

Now any term of this series = the first term -f the 
common difference multiplied by a factor less by unity than 
the place of the term ; and the last term Z = a + (n — l)d. 
The same series written backwards would be 

I, (l-d\ («~2d), («-3d) a. 

FenceS = a-f (a + d^+(a-i-2d) +(Z-.2d) + (Z— d)-|.;, 

and S = Z-|-(Z— d)-i-(i — 2d) -f.(a+2d)+(a-hd)4-a, 

.-. 2S=(/+a)4-lZH-a)H-(Z+a) -|-(Z+a)+(Z+ a)-h(Z+a) 

= (Z+a) repeated n times, 

.-. 2 8 = (/-'a).n, .-. S = (Z + a).?. 
But • • Z = a + (n — 1) d, .-. Z + a = 2a -f (n — l)d, 
.\6=z{:ia -^ {n ^ ^^a ~ *** "*" ii — 
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An anthmetic mean between two quantities := half their 

a -^ h 
sum ; thus if m = — - — , m is an arithmetic mean between 

a and h. 

When the number of terms of an arithmetic series is odd, 
the middle term = half the sum of any two terms equi' 
distant from it. 

Examples. 

1. Find the sum of 2 + 6 -f 8 + &c., to 17 terms. 
Here a = a, J=3, n = 17, 

n(n-^l)d ,^ ^ 17 X 16 X 3 

= 84 + 408 == 442. Ans. 

13 1 

2. Find the sum of - + - + 7 + &c., to 20 terms. 

2 o 4 

Here « = ^^ ^ ^ ~ q' w = 20, 

n(n—l)d ^^ , 20xl9x— i 
.-. s = no + ^ ^ = 20 X I + ?, 

95 _ 40-95 _ 55 
4 4 4 

3. The sum of an arithmetic series is 950, the common 
difference 3, and the number of terms 25. What is the 
last term ? 

Here S = 950, <;? = 3, n = 25, 

»(n-l)J 
S = na + ^ ^^ ^ -, 

r..<^ ^i. '^^ X 24 X 3 ^^ ^^^ 

.-. 950 = 25a + = 25a + 900, 

.-. 60 = 25a, /. a = 2, the first term. 
Now / = a + (n — 1)<? =^ 2 -4- 24 X 3 = 74. Ans. 

4. Insert 5 arithmetic means between I and — 1. 

Here a = 1, / = — 1, and *.* there are 5 mean and 2 
extreme terms, n = 5 + 2 = 7. 
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117 



i = a + (n— 1)J, .\d = 



l^a — 1 — 1 



n - I 7-1 
Hence 1 — -J. = |. = the first mean. >^ 
f — ^ = ^ = „ second „ 
I — I = = „ third 
— | = — ^= „ fourth 
- i - i = - I = M fifth 



2 

6 



1 

3 



>» 



»» 



Ans. 



6. A body of soldiers is drawn up in the form of a hollow 
equilateral wedge, the ranks of which are S deep, and the 
outer rank consisting of n soldiers. Find the number of 
soldiers. 

First, to find the number, supposing the wedge solid. 

a = l, I =z n, n ^= n, 

S = (a + l)- = il +n)-=:-^. 

Next, to find the number that might stand in the hollow 
part. 

a = 1, rij 5= n — 9 = Z, 

/ TN^i ., ^x w— 9 n'— 17W — 72 
S, = (a + /)-^=(l4-n-9).— ^ = . . 

Now the former number — the latter = the number 
sought ; 

_n2-|-n w2-17n — 7a 18n — 72 



= 9n-36. 



2 2 2 

If the ranks be r deep, n^ = w — 3r; and the number of 

soldiers = — (2n + 1 — 3r). 

6. Find the sum of the series 1» + 2' + 8'' + n^ 

13+23 + 8« + 43 ... 4. n^ =s 

1 + (3 ^. 5) -^(7 + 9 4. 11) + (134.15 + 174-19)... + n\ 
of which there are n sets, and the nth set contains n terms. 

Hence to find the entire number of terms, 

= 1 €?=1, n^ n 
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.-. {2 + n — 1} . - = — -— = the number of terms. 



Now, to find the sum of the whole series, 
a = 1, d=^, n^ = 



n^ -h n 



2 

8 



Since ^—^ = 1 + 2 + 3 ... -j- n, 

.-. 1» + 2' + 3^.. + n=* = (1 +2 + 3 ... + nf. 

7. Sj, Sg, &c,i Sp are the sums of p arithmetical progres- 
sions, each continued to n terms ; the first terms are 1, 2, 3, 
4&C., and the common differences 1 , 3, 5, &c. : prove that 

Si + 82 + &c. + S^ = inp (np + 1). 



Istcom. dif. l=2x 1 — 1, 
2nd „ 3=2x3—1, 
8rd „ 5=2x3—1. 



82 = 2, 6, B ... \&c,, to n terms, .•.- 

Sg =^ 9y o, 13... 

.-. joth „ =2x|)— 1, 

.-. S^ = p, 3/? — 1, 6 J) — 2, &c., to n terms = the |?th series. 

Now 

nin—Ud n(n— 1) , n^ + n 

S, = na+-.^-^=n + -J^.l = -^• 

n(n— I) ^ 3n^ + n 

82= :=2n+-i^-^8 =—5^' 

- . n(n— 1) ^ 6n* + n 

8.= =3n + -^\5 =— Y^» 

8p= =;)n + — ^ — .(2;>-l)=— — ^ . 

the com. diff. of which is n\ .*. they are in arith. prog., and 
their sum is the sum sought. 

n^ -\- n , (Sp — 1)«* + n 

•--»-• ^=- — 3 • •=^' 
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..8 = (a+Z)- = |-^— + -^ J.-- 

inp(np -t- i). 

8. A party of foot begin their march at 6 in the morning, 
and travel 3^ miles an hour ; 3 hours after a troop of horse 
follow them from the same place, and travel 3^ miles the 
first hour, 4 miles the next, 4^ the third, and so on. In 
what time will they overtake the foot ? 

- Let x be the number of hours in which the horse overtake 
the foot, 

7 1 

then for the horse, a =-x, ^ ~ o' ** = ^' 

13« 4- x"' 

=•• : = miles the horse march. 

4 

Again, a? + 3 = hours the foot march. 

7 

- (0? -|- 3) = miles the foot march, 

. 18^-f-;e^ 7(a?-f 3) .. 

.'. = , or 13a? + a? = 14a> -f 42, 

4 2 

«* — « = 42, .•.«=* 7 hours. Ans. 

9. Prove that the latter half of 2n terms of an arithmetical 
series = -^ of the sum of 3 n terms of the same series. 

Let a, a -^ d, a + d(^» &c., be the series. 

Then, to find the sum of the latter half of 2n terms, 

a ^a, d=id, n^m, i = a -f (n — 1 ) J, the nth or last 
term of the first half. 

.•. a -f (n — 1) </ + </, or a -f fid is the first term of the 
2nd half, and ai=:a'\- nd, d =i d, n = fi 
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-{Ha + 2wrf + nd — d} =^{2a + Snd—d] = 
<* /« 

sum of latter half of 2 n terms. 

Now to find the sum of 3n terms, 

a r:= a, d = df n^ = 3 n, 

.•.8, = |{2« + K-l)4 = |^{2a + (3«-l)d}=i 

-^{2a'+ Snd — d}, 

TV- 

.', ^T {2a + Qnd— d} is ^ of the sum of 3 w terms. 

Hence, the latter half of 2 n terms = i the sum of 3n terms. 

10. If a?^ + (a? + ly + (a? + 2y + ... to 9 terms = 501, 
find X, 

Let ;» — 4 == flj, then the series becomes 

(«-4)2+(;y-3)H(«-2)' + (^-l)'+^'+(4^ + l)H(if4-2)' 

+ (^2^ + 3)^ + (z + Af = 501, 

2-y- + 32 + 2;^^ + 18 + 2/^2 + 8 + 2;^* + 2 + ^' = 501, 

9;»« H- 60 = 501, 9;»2^441, 3;? = 21, 

4? = 7, .-. a? = 3. 

11. The sum of 3 numbers in arithmetical progression 
is 30, and the sum of their squares is 308; find them. 

Let x — y, a?, a? + y, be the numbers, 
then a? — y -f a? -f a; -f y = 30, or 3a? = 30, .-. a? = 10. 
aj' - aary + y8 + a?*^ + a?' + 2a?y -h 5r* = 808, 

3a7- 4- 2/ = 808, or %f = 808 — 3aj» = 
808 — 800 = 8, .-. / = 4, y = 2 = com. diff. 
Hence 10 — 2 = 8. 'i 



10. 
10 + 2 = 12. J 



Ads. 



L 
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12. There are 4 numbers in arithmetical progression, whc«e 
aum is 24, and product 9^5 ; find them. 

Let 0? — 3y, a? — y, a + y, « + 8y be the numbers, 

then the sum 4^ = $24, .*. a == 6, 

the product {a: — 3y) (x + 3y) (;» — y) (a? + y) •= 946, 

or (a?- - 9y ') {x' - y*) = 945, 

or a?^ — 10a?y + 95r* = 946, 

•. by substitution, 1296 — 860y^ + ^2/*=^ 946. 

9y4 -. 360/ = ~ 851, A y = 1. 

Hence a? — 8y = 6 - 8 = 8. 
«— y = 6 — 1=6., 
a?4- y = 6 + l=7. 
a? ^. 8y = 6 + 8 = 9. 

1. Find the sum of n terms of 1 + 3 + 3 -h 4 + Ac. 

Ans. ^ n (w + i ) 

2. The sum of 9 + 16 + 21, &c., to 10 terms = 360. 

8. Find the 20th term, and the sum of 20 terms of 
i^i + i + &0' Ans — 2|-, and — 21|. 

4. Sum 1 + 8 + 16 + Ac, to 100 terms Ans. 34750. 
6. Sum i + i + i + &c., to 12 terms. Ans. — 1^. 

6. The 9th term of the series, 7, 6 J, 4, &c. = — 6. 

7. Required the 24th term, and the sum of 24 terms, of 
^•j + f + I + &c. Ans. 2i, and 37. 

8. Given a =s 8, 7=17, n = 29 ; find the series. 

Ans. 3, 3^, 4, 4^, &o. 

9. The 100th term of the series 1, 9, 17, &c. = 798. 

10. The sum of ^ + 2 + 1 + ^> to 10 terms = 16|. 

e 
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11. Find the sum of the series 108, 193, 188, &c, to 40 
terms Ans 40^20. 

12. The 20th term of the series J, J, — }, &c. =— 5f. 

1 2 11 

13. The sum of - — r ^c, to 13 terms = — 84i. 

2 8 6 ^ 

n 

14. Sumf +l + lf+&c., tow terms. Ans. ^ (» + 4). 

15 Find three arithmetic means between 19 and 35; and 
five arithmetic means between 2f and f . 

Ans. 23, 27, 31, and 2^, 2, 1|, li, 1. 

16. The sum of 15 terms of an arithmetic series is 600, 
and the common difference is 5 ; find the first term. Ans. 5. 

1 7. Given S = 40, a = 7, <^ = 2 ; find n. 

Ans. n = 4, or -- 10. 

18. The first term of an arithmetical series is 3, and the 
sum of 10 terms is 165 ; find the progression. 

Ans. 3, 6, 9, 1 2, &c. 

19. Insert four arithmetic means between 2| and 6^. 

Ans. 3J, 4, 4|, 5J. 

20. The sum of 9 terms of an arithmetic progression is 0, 
and the last term is — ^ ; find the series. 

Ans. ^ 4- i 4- ^ + &c. 

21. Insert three arithmetic means between — 1 and 15. 

Ans. 3, 7, and 1 1 . 

22. The sum of an arithmetic series is 6§, the first term 
li, and the common difference —J; find the number of 
terms. Ans. 10. 

23. The third and sixth terms of an arithmetical progres- 
sion are 7 and 1 6 respectively ; find the series. 

Ans. 1, 4, 7; 10, &c. 

24. There are x arithmetic means between ] and 31, and 
the 7th is ^ of the (a — l)th mean; find the number of 
means. Ans. 14. 
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25. There are three numbers in arithmetic progression, 
whose sum is 10, and the product of the second and third is 
33J ; find them. Ans. — ^, 3^, IG. 

5i6. The sum of three numbers in arithmetical progression 
is 15, and the sum of the squares 93 ; find them. 

Ans. 2, 5, 8. 

27. Find the nth term, and the sum of n terms of 

h « + 1- &c. 

X X 

Ans. X + (n — 2) . -, and «« + - n . (m — 3) . -. 
^ ' X 2 ' X 

28. The sum of three numbers in arithmetic progression 
is 24, and their product 480 ; find them. Ans. 6, 8, 10. 

29. The first term is n^ — n + 1» tK© common differ- 
ence 2 ; find the sum of n terms. Ans. /i'^ 

30. Find four numbers in arithmetical progression, such 
that the product of the extremes shall be 27, and the product 
of the means 35. Ans. 3, 5, 7, 9. 

31. If the nth and mth terms of an arithmetical progres- 
sion be m and n respectively, find the number of terms whose 
sum is I . (m + ^) • (^ + 91 — 1), and the last term of the 
series. Ans. w-fn, orw + n— 1; and 0, or I 

32. If a steam-engine is observed to pass over 4 feet in the 
first second, and 88 feet in the sixtieth second of its motion, 
how far will it travel in the first minute, supposing its motion 
to be increased each second by a constant quantity ? 

Ans. 2760 feet. 

33. Referring to the last example, find the uniform rate of 
increase, and the time occupied in travelling the first mile. 

Ans. l^-J feet; and 83^^ seconds, nearly 

34. The number of terms of an arithmetic progression is 
equal to \ the common difference, the last term is equal to 4 
times the first, and the sum of the series is equal to f the 
square of the first term ; find the series 

Ans. 20, 32, 44, 56, 68, 80 

O 2 



\ 

I 
I 

I 



124 GEOMETRICAL PB0OBES8I0N. 

95 A Starts from a certain place, and travels a miles the 
first day, 2a the second, 3a the third, Ac.; after 4 days. B 
starts to overtake him, travelling 9 a miles per day; after how 
many days will he come up with him ? Ans. 4. 

36. A numher of persons bought a field for 345Z., the 
youngest paying a certain sum, the next 5Z. more, and so on, 
in arithmetic progression. The younger half took a portion 
of the field proportional to the sum they had subscribed, and 
this they agreed to divide equally, -by equalizing their contri- 
bution to 2*2Z. each ; how many persons were there in all ? 

Ans. 10. 

37. Find the nth term of an arithmetical progression 
when the sum of w + 1 terms is (n 4- 1) (w -h i-^). 

Ans. 2 (« — -J). 

3&. The sum of n terms of an arithmetic progression is 
pn -f qnr ; find the mth term. Aaa.p -f- (Sw — 1)^. 

39. Divide - (» + 4) into n parts, such that each part 

shall exceed the one immediately preceding by a fixed quan- 
tity. Ans. -*, 1, i^, H, &c. 

40 Determine the relation between a, 6, and c, that they 
may be thejpth, jth, and rih terms of an arithmetic progres- 
sion. Ans. (g — r)a+ (r^p)b -\- (p — q)c=:0. 

41. Whereabouts in a coal shaft will the corves meet, if the 
radius of the roll be 3^^ feet, the thickness of the rope i foot, 
and the depth of the pit 1020 feet ? Ans. 70-1273 fathoms. 

GEOMETKICAL PEOGEESSIOI^. 
XXIII. When the terms ot a series of quantities increase 
01 -decrease in a common ratio, the series is a geometric 
progression ; thus 1 , 3, 9, 27, 81 is a geometric progression 

. . n 1 111 1 1 . 

whose common ratio is 3 ; also -, -, t-^, ~, jg, is a 

geometrical progression whose common ratio is -. The 

common ratio may always be found by dividing any term by 
the one immediately preceding it. 
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Prop. To find the nth term and the sum of any geometric 
progression. 

Let a be the first term, I the nth, r the common ratio, and 
s the sum of the series ; then the series will be 

a, ar, ar\ ar^ ar^~^y ar^"^, 

and it is evident that the nth term I = ar*~'. 

Now S = a + ar -f ar -f ar"'\ + ar"~', 

.-. Sr = ar H- ar' -f ar""* -h ar"""* + ar*, 

. Sr — S = ar" — a, by subtraction, 

or S(r- l) = a(r" — 1), 

r*— 1 

/. S = a . -. 

r — 1 

^ . « ar' — a , , ^ ^ rl — a 

Cor, I. •/ 8 = — , and rl = ar*, .• S = -. 

r— 1, r — 1 

Cor. 2. *.* S = r r '* if ^* be a proper fraction, 

r— I r— I '^ ^ 

as n increases, r" will decrease, and when n is increased 
mthout limit, r" will be less than any assignable magnitude, 

•. may be rejected, and — or will express 

f — 1 r — 11— r 

the limit of the series. 

Hence, when r is a proper fraction and the series is con- 

a 

tinued ad infinitum, 8 = -; 

1 — r 

A geometric mean between two quantities = the square 
root of their product: thus, if a, w, h are in geometric 

progression, — = — , /. m- = ab, .*. m = \J ab. 
am 

Examples. 

1. Find the sum of 12 terms of the series 1, 2, 4, 8, &o 
Here a = 1, r = 2, n = 12, 

r«_-l 2" — 1 

.• s = a. =1.-:^ r- = ^096-1 =4096. 

r— 1 2—1 
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2, Sum 6661, 2187, 729, Ac, to 6 terms. . 

Here a = 6661, r = -, n = 6, 

o 

r»-l \8/ 729 

.-. S = a . r- = a . - ^ a . ^— — ^— 

^-^ i-i' i-i 

3 3 

1-729 -728 ^^^, 364 

= ^- 248-729 = ^':r486 = ^^^^^243 

= 27 X 364 = 9828. 

2 11 

3. Sum Q — Q + A — &e., to infinity. 
Sou 

2 1 

Here a = -, r = - -, 



.-. 8 = 



2 
a 3 4 



1 - r ,1 6 + 3 9* 
^ + 2 



4. Insert 4 geometric means between- and 81. 

o 

Here there are 6 terms, namely, 2 extremes and 4 moans , 

a = -, Z = 81, n = 6. 
o 

Now i = ar'-', .-. 81 = -r% r* = 243 = 3\ /. r = 3 

Hence -x3 = l, 1x3 = 3, 3x3=: 9, 9x3 = 27, 
o 

and the means are 1, 3, 9, 27. 

6. If an arithmetic mean between a and h bo twice as 

a 2 4- >/3 
great as a geometric mean, - = -~. 
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- = the arith. mean, *yah=^ the geora. mean 



Now 






s/b y/a 



2 . ^1 = 4 + 8 ^/8. 

2.^=4-a^/8. 
sja 



4^ = 2+ ,/3. ^ = 2-^3. 
„ s/a s/b a 2 + s/3 

6. The sura of a series to infinity is 2, and the sum of the 

4 
squares of the terms of the same series is - ; find a and r. 

a + ar + ar^ + or^ + &c. = = 2, ( I). 

a" H- a'r' + d'r* + oV + &c. = --^, = r. (2. 

1 — r o 

Dividing (2) by (1), ~^ = | /. a = ^(1 H- r). 
Also (1) a = 2 (1 — r); and, equating these values of a, 
4(1 +r) = 2(l-r). H-r = 3-3r, 



3 



1 



4r = 2, .-. r = .:r, and a = 2 — 2r = 2 — I = I. 
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7. If 8 = 1 -f R -h R' + R'* + Ac., to infinity, and 

»=lH-r + f-+f^+ Ac., to infinity, prove that 

the sum of 1 + Rr + Brr^ + Ac., to infinity = 



Now, 1 + Rr -h R-r^ + Ac. = 



S + « — 1 
I 



1 — Rr 



1 1 

S=- -, «=- , ••. 8 — SR = l, « — «r=l, 

1 — R 1 — r 

SR = S — 1, «r = » — 1, .-. R = I — -, r = 1 . 

.ill , « 111 
.-. Rr = 1 — + --, .-. 1 — Rr == - H . 

S 8 Ss S s Ss 

1 Ss 

Hence 1 + Rr + RV^ -f Ac. = 



11 ___!_ « + s^ 1* 

S s Ss 

8. Show that 4-6212121 Ac. = 4 -— . 

166 

5 21 21 21 

^ ^ 21 21 21 

But 1 1 + Ac. 

1000 ^ 100000 ^ 10000000 ^ 

21 



1000 21 21 7 



l__ 1000 - 10 990 330* 

"" 100 

... 4-6212121 &c. =-+—=—=. 4 _. 

9. Find the sum of a — (a + li) a^ + (a + 2d) ar' 
— (a 4- 3rf) ar' 4- Ac, to infinity. 

S = a — aa? — <^a? 4- aa?'^ + 2rfx^ — aar* — SdoF^ 4- Ac, 

S4? = aa? — a;r^ — da + aar' + 2(/ar^ — ax* - 3da?4 -f &c., 

. •. S 4- S« =r a — <;?a? -f fl'dr — <^aj* 4- dx* — dx" 4 &c.. 



OEOHETRrCAL PBOOBESSION. 129 



\ 



(1 4- d?)8 =s a — fl?(a? — a? + a? — &c.) = a — flf.- 

a dx a '\' {a — d) X 



.-. s = 



1+4?' (1 -h «)' (1 -f «)' 



10. If P be the product, S the sum, and S^ the sum of the 
reciprocals of n quantities in geometrical progression ; prove 



■=(l)" 



that P 



1st series, S = « + ar + nr -f ••• ar*~* = a . 

r — 1 

2nd series, 



1 1 



1 1 \t) 



H 
- 1 



a ar ar^ ar^"^ a i 

r 



\ 1 — r" 1 1 — r" 1 r" — 1 



a r"~' — r" 



ar*""' * 1 — r ar"~' * r — 1' 



»nd P =a.ar.ar^....ar"-* = a".r^+2+3+.../«.-ii 
Summing the arithmetic Series I +2 + 3 + ... (ti — i;, 

8' = ^ { 2 a + ( n' - 1) d} = ^!^ { 2 + (ri - 2 ; } = 
iin~-2 + n* — 3n + 2 



o 9 
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Hence. P^ =(!)". ^ 



11. The difference between two numbers = 12; and the 
arithmetic : to the geometric mean : : 6 : 4 ; find the num- 
bers. 

I Let a and y be the numbers, then « — y = 12, 
^ = arithmetic mean, \/asy =■ geometric mean, 

^ ^ : \/a;y : : 5 4, « + y : 2 \/«y : : 5 : 4, 

a? + 2 v/i^ + y : JJ — 2 s/ay + y : : 9 : 1, Art. XX. 
>/« + >/y : \/« — ^/y : : 3 : 1, 

5 >/x — 3 v'y = >/« + >/y. 2 v'a? = 4 v>. 

^x^SLsJy. « = 4y. 4y — y = 12, 81/ = 12, 

Ans. y =: 4, x = 16. 

3 5 7 

12. If 8 = 1+^+7 + + Ac, to infinity 

3 6 7 
and 8. = 1 — - 4- 7 — o + &c., to infinity, 

i« 4 o 

then S : S^ : : 27 : 1. 
357.9 






Subtraet. 

1= lAA^-k""^] 



1 



* 
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.'. S = 6. 

, 3 5 7 9 
S, =1 1 1 &c. 

Add 
S, __ 13 5 7 

T ~ 2 "" 4 "^ 8 ~ 1 6 "^ *''• 

3s, , , 1 1 -1 1 1 

^_i i_=?_i = ^ 

1 -i 1 -i 8 3 3' 
2 2 1 

•*• 5| = -Tj •'. s I o^ I I I — » I I O I — , ', I (<7 * X« 

13. From a vessel containing 10 gallons of brandj, 1 gal- 
lon was drawn out, and a gallon of water poured into the 
vessel ; a gallon of the mixture was then drawn out, and an- 
01 her gallon of water poured in. Now the like process being 
repeated 10 times, it is required to find how much brandy 
remained in the vessel, supposing the two fluids were 
thoroughly mixed each time? 

There are 10 gallons of brandy at first ; 
— is drawn ;- 

there are then 9 gallons of brandy, 
and 1 gallon of water poured in ;. 

1^ galion of brandy is drawn* 
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9 81 

9 - — = — galloiis of brand) left isk, 
r-T gallons water left in ; 

^^ gallons brandy drawn. >, 

9 81 
Houce ! , — , — , Ac., to 10 terms = quantity of brandy drawn 

9 '- 

Here a = 1 ; r = — , n = 10, ; 

10 



. g^«(^"-l) 



irS- 



r-1 ^^i 

10 

O'o _ 1 1 _ -3486784401 



.9 — 1 1—9 

•6513216599 « .r .«..,.. ..on 1, ^ 
= = 6-513215599 gallons dmwn. 

Subtracting 6*513215599 from 10, we have 
3 486784401 gallons. Ans. 

14. The sum of three numbers in geometrical progression 

7 
is 7, and the sum of their reciprocals is - ; find them. 

4 

Let - be the first term, y the common ratio, 

y 

then - + a? 4- iPy = 7, and - -f - H = -, 

y X X xy 4i 






7 _7 

4 X 



1 / i 
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17 6 1 

5.3 5 ±3 ^ 

y- j = ±^, .-.^ = -^=2; 

.*. 1, 2,-4, are the numbers. 

15. The sum of four numbers in geometrical progression is 
40, and the sum of their squares 820 ; find them. 

Let SBt xffy xy^j xy^ be the numbers, 

then X -Y xy •\' xy*' ■\' xy^ ^ iQ, or 4?(l + y+y'^ + y*) =40, 
a?2 + a?y + x'y' H- «y = 820, or x\l -h / + y* + y'') = 820, 
or^{l+/ + y(l + y'^)} = 40. aT(l + y)(l +y^ = 40, (1), 

^•MH-/+y'(n-r)} = 820, ^^i+y )ii+y') = 82o, (2). 

Squaring (I) and dividing by (2), we have 

x\\J(Jf{y±ft = i^ (l+y)^(l -f y^) _ 80 

^'(1 ^t) (1 + y') 820 ' ""^ 1 +/ 41 

This equation reduced gives 

^ ■*'y« 89\^'*'yy'"39' 
whence y = 3, .*. a? = 1, ,•. 1, 3, 9, 27 are the numbers. 

'Exam'pUz, 

1. The sum of 3 -H 6 + 12 -f &c. to 6 terms = 189. 

2. The sum of 6 -I- 20 + 80 + &c. to 5 terms = 1705. 

8 2 17 

3. The sum of - + 1 -|- - + Ac. to 6 terms = 4 — -. 

t9 o lo<« 

128 

4. The 8th term of the series 9, — 6, 4, &c. s= — —— . 

/64o 

1 1 

6. The 6th term of the series 8, -, — , &c. = o5qo' 
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6. The sum of 1 — 2 + 2- — Ac. to 10 terms = — 341. 

7. Determine the 5th term and the sum of 6 terms of 

8. The 6th term of the series — r» q, — -, Ac. = . 

9. Find expressions for the nth term and the sum of n 
terms of 1 + 2 + 5 + &^. Ans. gj. and ^{^'~) 

10. Sum I + i + ~ + &c. to 8 terms. Ans. ^^^^ 

6 2 12 4665CO 

11. Find the limit of the series -H &c 

4 16^64 5* 

11 2 

12. Find the limit of the series 1 1 <fec. -. 

2 4 3 

18 1 

13. Find the limit of the series 2 — 1-H Ac 1- 

3^9 5* 

1 S 4. 

14. Find the limit of the series — 3-4-1 \- &c 

Ans. — 2--. 
15 

15. Insert three geometric means between - and 128. 

Ans. ± 2. 8, ± 82. 

16. Find two geom. means between 5 and 1080, and^ three 

geom. means between 9 and -. Ans. 30, 180; and 3, 1, i 

17. The sum of an infinite geometric series is 2, and the 
sum of its first two terms is 1 - ; find the series. 

3 3 

Ans. 3 1 *:c 

2^4 ^ 

18. The product of three numbers in geometrical pro- 
gression is 64, and the sum of the cubes is 584 ; find them. 

Ans. 2, 4, 8. 
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19. If the sum of a geometrical series continued ad in- 
finitum be twice as great as the sum of n terms, prove that 



the common ratio 



i0i8(l)^. 



20. The sum of the arithmetic and geometric means of two 
numbers is ld|, and if the geometric be subtracted from the 
arithmetic mean, the remainder will be 1| ; find the numbers. 

Ans. 3 and 12. 
. 21. A leveret is 100 yards before a greyhound; they start 
in the same direction, and the greyhound runs 100 times as 
fast as the leveret; when will the greyhound overtake the 

Ans. When the hound has run 101 —yards. 

22. The population of a country increases annually in 

geometric progression, and in four years was raised from 

10,000 to 14,641 souls ; by what part of itself was it annually 

increased ? . 1 

Ans. - . 

23. In a geometric progression, if the (p 4- ^)th term = m 
and the (jp — q)th term = n, show that the ^th term = 

\/mn, and the ^th term = m ( — ) . Also, if P be the 

pth term and Q the qth term, show that the nth term 
1 






24. Determine m and n in terms of a and b, so that 

ma -f nb , , . i . « 

may be the arithmetic mean between m and n, 

m -^ n 

and the geometric mean between a and b, 

25. Given S the sum, and s^ the sum of the squares, of 
the terms of an infinite geometrical' progression ; show that 

^ ■" { "a 2 ) I • 

HARMONICAL PROGRESSION. 

XXIV. When the first of three quantities is to the third as 
the difference of the first and second is to the difference of 
the second and third, the three quantities are in haimonictU 
proportion. 
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If a :c :: a ^b : b — c, and 6 : rf : : 6 — c : c — <f, 
and c : e : : e — d : d ~- ey Ac, 
then a, b, c, d, 0, &c., are in harmonical progretsion,. 

Prop, Let a, b, c, d, &c„ be in harmonical progression, 

then their reciprocals -, 7, -, -. &c., will be in arith- 

abed 

meticdl progression. 

For a : tf : : a — 6 : fc — c, .\ ab — ac ^^^ ac — hc^ 

ab ac ac be 111] 
abc abe abe abc e b b d 

a- -1 1 ^ 1 1 ^ wu 1111 

Similarly,-, = r- Whence-, r» -t -. 

'^ d e e abed 

have a common difference, . . they are in arithmetical 
progression. 

^ae 

Cor. '.' ab^ac znae — bet ai + 6cs=da<;, /. b = ; 

a-i- c 

that is, an harmonic mean between two quantities = twice 
their product divided by their sum. 

Examples, 

1. Insert two harmonic means between S and -, 

5 

7, - are the extremes of an harmonic series of 4 terms. 
I 5 



2. \ .. arithmetic 



,y Ca.&J.bUUAVWV» „ 



By Art. XXII., Ex. 4. rf = j^j = j-^ = ^ = - = -. 
Q n\ the arithmetical means, .*. -, ^ are the 



^ + 2 = 5 



2' 7 
harmonic means. 



2. The sum of three terms of an harmonic series is 1 -{^^ 
and the first term is \ ; find the series, and continue it boui 
ways. 



HABMONICAL FROGBESSION. 187 

Let X = dad, y = Srd, 
. 1 18 



Lueu - -f- ay 1- y = j^, 




13 6 7 




But 6 = , by harmonic proportion, 








Butil) ;i?=^ ^ y, .-. ^^ • *= ^ - 
'^ ^ 12 *^' 2^^ + 1 12 


-y 


Whence y = 7, /. a: = -, 
4 





.*. ~, -, -, = Ac. harmonic series ; 
• 2 3 4 

/. 2, 3, 4, &c. = arithmetic series ; 

.'. — 1, 0, 1, 2, 3, 4, &Cm = arithmetic series continued; 

.-. — -, -, -, -, -, J, &c., = harmonic series continued ; 
.-. — 1, 00 , 1, -, -, -, &c. = Ans 

/6 o 4 

3. The sum of three terms of an harmonic series is 11, and 
the sum of their squares is 49 ; find the numbers. 

Let X, y be the extremes, then ^ is the mean ; 

i^ + y^—T- = ^^ (^> 

X -i-y , 

I 
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Of •\' y 

A ' 'i 

• ^ ^\ = 121 - 22 (a? + y) H- «' + iiu;y + y^ 






(•^).^^vi = 4^ -*' -^1 



^ Subtract. 



= 72 — 22 (a; + j/) -4- 2a^' + 2 j:i/ + 2^% 
•^ + /// + y.: - 11 (^ + 2/) - 36 I Subtract. 

3-« y . = 36, .•. xy = 12, 

a?- + iy -f r - 11 (« + 5^) = — 36 ( 
xy = 12 i 

x^-\' ^xy -4 y*— ll(^ + y)- - 24, .-. a?+y = 8. 
Whence a; = 6, .-. y = 2, .-. 2, 3, 6 are the numbers. 

Examples. 

1. Insert two harmonic means between 2 and 4 Ans. 2|, 3 . 

2. Insert three harmonic means between 4 and l^* 

Ans. 3, 2|, and 2. 

3. Find the arithmetic, geometric, and harmonic means 
between 3| and 1^. Ans. 2y^y, 2^, ^-^^, 

4. Insert two harmonic means between j^ and -^. 

Ans. \ and \. 

5. Continue to three t^rms each way the series 1^, 2-^, 3|. 

Ans. If, 4f , l^V •• 16, - 7i. - 3. 

6. Find two numbers whose difference is 8, and the harmonic 
mean between them If. Ans. 9 and 1, or. i and — 1^. 

o no 

7. An harmonic mean between two numbers is 2, and the 
sum of the extremes = 4^ ; find the series. Ans. 2|-, 2, l^^. 

8. The sum of the arithmetic and harmonic means of two 
numbers is 12^, and if the harmonic be subtracted from the 
arithmetic mean, the remainder will be 1^; find the numbers. 

Ans. 4 and 10 
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9. If the geometric mean between x and y : the harmonic 
mean ::m:n, then x:p::m+ •^{rn^—n^) : m — >/(w' — «*). 

10. If the geometric mean between a and h be to the har- 
monic as 4 : 3 ; then 

a:h:iA+ VT: 4 — a/T. 



CHAPTER IX. 
BINOMIAL SURDS. 

Propositimis, 

XXV. 1. The square root of a quantity cannot be parti)' 
rational, and partly a quadratic surd. 

If possible, let s/^ = » + >/y, then ay = a- + 2a y/y + y, 

.-. a? — y — a- = 2a >/y, .-. * ^ = v/y; or, a 

rational quantity = an irrational quantity, which is impos- 
sible. 

2. If a -f ^a = 6-1- y/y be an equation between 
rational quantities and quadratic surds, 4hen a = 6, and 
y/o' = ^/^. 

For y/a = 6 — a -{- y/y, and if 5 — a be not = 0, y/x 
would be partly rational and partly a quadratic surd, which is 
impossible, by Proposition 1, .*. 6 — a = 0, or 6 = a, 

3. The product of two dissimilar surds is irrational. If 
possible, let y/x x vy = fla?, then xy = or a', y = a^a?, 
.-. y/y=ia^af; that is, ^y and y/op may have the same 
surd factor, which is contrary to the supposition. 

4. To extract the square root of a binomial consisting of a 
rational quantity and a quadratic surd. 
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Let the given binomial be a + ^h. 
Assume ^/(a 4- -v/ft) = ^/a? + sjy\ square both sides, 

\» J^y :=.a, Q sjxy = s/h, (Prop. 2.) 

a^ + 2^y + y- = a^ 4a?y = 6, 

«- — So^y 4- y^ = a* — 6, .-. a? — y = \/(a* — 6) 

a? +y = a 

2a? =« + v^(a2 — fc) 

• * - 2 • ^ ■" 2 ' 

1 Extract the square root of 7 ± 4 \/3. 
Assume v/(7 ± 4 V^) = >/ir ± v'y, 

then 7 ± 4 y3 = it? + y ± 2 V «^» 

.-. 0- -I- y = 7, 2 V' ^ = ^ v^3. 
«' 4- 2a?y + y* = 49. 4j7y = 48, 
.-. ae^ — ^xy -f y* = 1, .'. x - y = 1 ) , a; = 4, 

.-. Vl7 ± 4 V3) = V« ± vy =- 2 ± V^ 



BI190M1AL GTUBDS. 141 

2. Extract the fourth root of 49 -f 20 ^6. 
Assume v^(49 + 20 >/6) = >/a; + s/y. 

then 49 + 20 v/6 = a? + y + 2 s/'lsy. 

.-. a? + y = 49, 2 ^Icy = 20 v'e, 

x" + 2a?y + y- = 2401, A^xy = 2400, 

.•.«^ — 2^y+y-=l, .-.;»— y= 11 .a? = 25 = 5^ 

a? -i- y = 49 j • > = 24 = 4 X 6, 

.-. v^(49 -f 20 -v/B) «= s/i» + N/y = 5 ± 2 V6. 
Again, assume v'(5±2\/6) = ^/x ± ^/y, 

then 6±2\/6=:iP+y±2 \/dPp, 

... a?+j^=5, 2 v^ = 2 >/6, 

«^ + S.Ty + / = 25, 4a?y = 24, 

ix^ — 2d?y + y^ = 1, a? — y = 1 J . ^ = 3, 

a?+y = 6) "2/ = 2, 

. V(49+20 v^6)=v'(6±2 ^/6)=^/^± -v/y= v^3± v'ft 

3. Find the eighth root of — 1. 

The square root of — 1 is \/— 1 or 4- v/ — 1. 

Assume that ^x + Vy = Vifi + v — !)• 

^ -^ y + 2 v^^ = + \/^^, 
a- + y = 0, 2 v/a?y = ^ — 1, 

X + 2 a?j^ + y = 
4»j^ = — 1 



^ — 2;i?y + y- = 1 
a?— y = 1 

« -fy =0 



9« = 1, /. ar = J, ^/« = v^i, 

= -1, /. y =- — J, Vjf = v/ITJ, 
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Assume i/x + x/y = >/ (\/i -f- v — i), 

^ -^ y= s/iy ii \/^y = \/ — it 



a- 


+ 2x^ + y^ 


-i 




4a?y 


--* 


d" 


— ^a!y + y^ 


= 1 




x — y 


= 1 




a-^-y 


= vi 



2y = Vi-1, .'.y = Wi-i. 

.-. V« =>/(!+ i ^\\ ^y = v'd v/l - i), 

.-. \/=^= n/(i + Wi) + x/a >/i - i) 

=r -0239 + -8827 \/^^\ neurlj. 

Examples, 

1. Extract the square root of 2 4- n/3 ; of 8 -h 2 x/7 ; and 
of 4 - >/7. 

Ana. ^\ + y^^ 1 + >/7; and y^l - ^i. 

2. Of 8-2 V15; 1 — 4 y/^S"; 1 + N/(l-mO; and 
3^/8 + 2 v^6. 

^ ^ / — s — /I -f m /I— m 

Ans. v^6-. >/3; 2-.\/-8; ^— ^— + ^_— ; 

and (1 + y/'X) 73. 
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I** 

8 Extract me fourth root of 14+ 8 y3; and of -^ — 4 ^^2 



Ans. ^^-; and(l - Va) ^\. 



CHAPTER X. 

INDETERMINATE COEFFICIENTS. 

XXVI. Let A -I- B;r -h Cx- + ... = o -f ft« -f cx' + ... 
be ail equation which. holds true for any value whatever of ar; 
then the coefficients of like powers of x shall be equal to each 
other ; that is, A = o, B = 6, C = c, &c. 

For A — a + Bd? — 6d? -f Cx^ — <?«* + <&c. ... = 0, 

or A -^ a H- (B '^ 6) a; -f (C /^ c) «* -f- ... — 0. 

Now, if A '^ a be not equal to 0, let it be equal to some 
fixed quantity M, then 

(B ^ 6)a? -f (C -w c)x^ + ... = M ; 

and *.* A and a are invariable quantities, .*. A '^ a or M is 
invariable. But '.* M may have various values dependent 
upon the variations of x, .*. M is variable ; that is, M is both 
variable and invariable, which is impossible ; 

•. A '^ a =s 0, or A = a. 

Again, B ^^ ^ + (C ^ c) ;p + ... = 0, 

.'. similarly B = 5, and C = c, &c. 

If A + Ba? + Cx' + ... + A'y + B'xy + ... + A'V + ••• = 
a +bx •\- cx^ + ... H- a'y + b^xy -f- ... + a'^y' + ... 

and if some fixed value be given to x while y is variable, it 
may be shown, as above, that 

A = a, B = 6, C = c, A' = a', B' = y, C = o', Ac. 

Examples 

*kx 

1; Resolve ^ o . ,x ^o . ox i°^ i^ partial iracdOf^^ 
(«>*+ 1)(«^ + 8) 
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4 '2w Ax Bx 

Assume y - , v-r— xv = + — — « 

Aay* 4- 8Ajp 4- Bar* -f B ;g 

.-. 2d? = (A H- B)ar» + (8 A + B)x,. 
/. 2 = 3A + B, and(A + B)ar^= 0. .-. A = - B, 
.-. S = - 8B + B = - 2B, /. B = - 1, 

8A = a -B = 2 + 1 = 3, .-. A = ) 

^X X X 



Hence 



{a^ ^r 1) {x' + 3) x' + I x' + 3* 



= 



2. Let y* — 3^ -f « = ; find the value of y in a series 
of ascending powers of x. 

Assume y = Aa; -|- Bar' + Ca?' + Da?' + Ac. 

theny' = A='ar' + 3A2Ba?' + 3A^Ca?' + &c.) 

4- 3AB'a?7 + &c. 
— 8y = — 8A« — 8B«^ — 3Ca?'* — 3Da?' - &c. 

-f X = + 1 aj. 

And, equating coefficients of like powers of x^ we have 
-3A=:-I. orA = -; A'^=3B, orB=^ = i; 

8A2B = 8C, or C = A^B = i, &c., 



a? a?* a?"^ 



••. y = 3 + 34 + 36 + &c 

If we had assumed y = Aa? + Ba?^ + Caj^ -f- Dar* 4- Ac., we 
should have found that the coefficients of the even powers of 
X would be equal to 0. 
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Examples, 



!• i^'ind the fr^^ijows whose sum is -r-r; 



*2 



(«^-i)(*-^^r 



4 1 1 

AnS. 777 TTT — _-7 TT + 



3(a;-2) 2(d?^ 1) ' 6(«+ 1)* 

1 •+• ^x 
**. Expand z ^^ a series of ascending powers of x 

k "^ X ^~" X 

Ans. 1 + 3jf -H 4:1? -h 7^'^ + 11^^ + &c. 

3. Prove that ^/(l +d?) = l -+-7:^ — o^ + T5«'*— &c 

4. Pt-ove that 1^ + 2^ + 3- + 4- -}- Ac. + i*^ — 

n(n + 1) (2n + 3) 
6 



CHAPTER XI. 

LOGARITHMS. 

XXVII. If a' = n, X is called the logarithm of the number 
n to the base a. In the common system of logarithms, 
a = 10, and 0, 1, 2, 3, 4 ... ^, are the- logarithms of the 
numbers I, 10; 100* 1000 ... 10'; that is, the numbers being 
in geometric progression, their logarithms are in arithmetic 
piogrofision. 

Logarithms are calculated by finding x from the equation 
10' = n, in series involving the powers of a, and are pub- 
lished in books of Logarithmic Tables. 

Propositions, 

1. The sum of the logarithms of two or more numbers is 
the logarithm of their product. 

H 
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Let X = log n, and y = log n' ; then, a being the base, 
a' = n, a" = n'; /. a' a" = nn\ or a*+y = nn'. 
And similarly for more numbers. 

2. The difference of the logarithms of two numbers is the 
logarithm of their quotient. 

„ , a* n n 

For a' = », a^ =sn^; .*. — = — ;, or a*"* = -7. 

a*' » n 

3. The logarithm of n* = m log n. 

For •/ » = a*, .*. n* = a"*'; 
.'. log n" = wd? = m logn. 

log n < 



4. The logarithm of V w 



m 



1 JT 

For •/ n = cf', .-. n« = a«» ; 

, i a logn 
.*. log n*" = — = — ^— . 
mm 

Hence the muUiplication and divUion of numbers may be 
performed by the addition and subtraction of logarithms, and 
the involution or evolution of numbers, by multiplying or 
dividing their logarithms by the indices of the powers or roots 
required. 

1. If a; s= a&, then log a; = log a + log h, 

Q. If ^ = 6ac, then log^ = log 6 + log a + logo. 

m 

3. If « = — , then log « = log m — log r 

T 

4. If y = a^ then logy = 8 log a. 

5. If « = X/c, then log 2r = -- log c. 

4 
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r*' — 1 

6. If S = a . , find a logarithmic expression for *the 

value of n. 

S (r — 1) = ar"" — a, ar" = S (r — 1) + a, 

r* = "" — ?, .• nlogr=log{S(r — l)+a}— loga, 

. « l og{S(r-l) + g}~loga 

logr 

7. If 6' = 400, find a. 

;r log 5 = log 400, 

1(^400 S-602060 ^ „^ 
•. a? r= ,^ ^ = ^^^^^^ = 3-72 nearly, 
log 5 -698970 ^ 

The logarithms of 400 and 5 are taken from the tahles of 
Brigg's Logarithms. 

The number standing before the decimal part of a loga- 
rithm is called the characteristic, and it is always less by 
unity than the number of digits in the integral part of the 
number : thus the number 400 consisting of three digits, the 
characteristic of its logarithm is 2. Hence, in tables of 
logarithms, it is usual to omit the characteristic. 

The logarithm of 1762 is 8-243534. 

of 175-2 is 2-243534. 

of 17-52 is 1-243534. 

of 1 -752 is 0-243534. 

„ of -1752 is - 1 -f -243534. 

„ of -01752 is - 2 -h -243534. 

When the characteristic is negative, it is usually written with 
the minus sign above it, and the + connecting it with the 
decimal omitted; thus 

log -1752 = f-243534, log -01752 = 2243534, Ac. 

H 2 
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CHAPTER XII. 

BINOMIAL THEOREM. 

XXVIII. The Binomial Theorem enables us to raise a 
binomial to any power without the process of repeated mul- 
tiplication. 

Prop, Let it be required to find the nth power of the 
binomial a -{■ x. 

(x\ / ^ \ " 

1 -h - j, .-. (a + xf = a" f 1 -f - j . 

X 

Assume - = v, and that 
a 

(1 +y)" = A ^By + Cjr* + Dy^+ ...Py^ + Ao. ... (1). 
the coefficients A, B, C, D, &c., being independent of y. 
Squaring both sides of this equation, we have 

+ B>- +2BCy* + 2BDy*H-&c.[...(2) 

+ C^^.* +&C.) 

Now v(H-5^)'-=(I + 2y+/r=={l +(2y+y-)}". 

.*. by assumption (1), 

(I +y)»- = A -HB(2y+y )H-C(2y+yT + D(2y+/f + &c. 

=:A-i-2By+ By'+4Cy* + Cj^*+ &c.| .^x 

4- 4Cy'' + 8Dy* H- lOE^ + &c. J ^ ^' 

And ••• the series (2) and (3) are each = (1 4- y)'*, 

.•.A2 + 2ABy+(2AC+B2)yH(2ADHaBC)y'H-...&c.= 

A + tiB3^+(B + 4C)yX4C + 8D)y^-|-...<fec. 
Hence, by Art. XXVI., A' = A, .-. A = 1 ; 

2AB = 2B, .-.8=8; 
SAC-|-B^ = Bi-4C, ...C = ?l^=2i5j-L); 

SAD 4- 2BC=4C + 8D, 

- ^.^ ^^C(B-2) ^ B(B~1)(B~2) 

6 1.2.8 ' ^' 
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•.• (a 4- * + c)" = {(a + 6) H- c]\ 

and (a + fc + c -f dy = {{a + d) -f {c + d)Y, 

the Binomial Theorem may be applied to the expansion of 
powers of a polynomial. 

The above proof is general, and consequently applies to 
the cases of n being an integer, or a fraction, positive or 
negative. 

On inspecting this theorem, it appears that 

The powers of a decrease and those of x increase by unity 
in each succeeding term. 

The first term is the nth power of the first term of the 
given binomial* 

The second term is found by multiplying the index of this 
first by the first with its index diminished by unity, and also 
by the second term of the binomial. 

The coefficient of any succeeding term is found by multi- 
plying the coefficient and index of a in the preceding term 
together, and dividing by the number of terms already set 
down. 

In applying this theorem, it will appear that 

When n is an integer, the number of terms in the ex- 
pansion is n + 1 ; and the coefficients of any two terms 
equidistant from the extremes are equal to each other. 

When n is a fraction the series does not terminate. 

Examples.' 
I. Expand (a + xf. 

(a 4- xy = a« + 6a^x -|. ^ a V + ^^^ a^a^ 

6.5.4.3 , , 6.5.4.3.2 ^ 6.5.4.3.2.1 ^ 
^ 2.3.4 ^ 2.3.4.5 ^ 2.3.4.5.6 

= a« + 6a«a? -♦- Ua^x^ + 20a^;ir^ -f 15a?«* + 6a^' + aP, 

Practically, the coefficients after the second term are found 
thus, 

and after the middle term they may be wiitten in an inverse 
order. 
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2. {a -^ xf = a^ — 6a'x + lOa'x^ - lOa^af" -^ hax'-x' 

3. (l-a;y=l-.7a?+ 21 a;2-35^V35^-^i«' + ''' «"-*»"• 

4. (2« + 1)' = 82ar^ + SOa* + 80ar' + 40a?' + lOo? + 1- 

5- 7 — ^ — ^i = -ivi + 'nr+-3- + *^-)- 
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XXIX. .arsl+a-l, /. a' = (l +a-l)' = 



{(l+a-l)-};. 
Hence, by the Binomial Theorem ^Cor. 2), 

fl' = |l +n(a-l) +-^^-2 — -(^-l) + 

Bn« + Cn^ + <fec.[", 
where B, C, &c. contain powers of (a — I ) only. 

Let now (a — 1) — ^^ — -— ^- + ^^ — - — &c. = A, then 

2 o 

a* = {1 i- Aw + Bn^ + Cw' + &c.}» = 

1 4- - (An + Bn' + &c.) -f 
n 

« 

'-i-5_ i (An + B»» + &c.)» + Ac = 
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1 +«(A+B« + &c.) + ^ o ^ (-^ + ^^ + &c.f + Ac. 
Now since n may have any value whatever, lei n = 0, then 

^ ^ 1.2 • 1.2.3 ^ 
If e be that value of a which makes As], 

«* =i + - 4- — - -|- - — ■Z-—Z + &c., the Exponential Theorem. 
I 1.2 1 . 2 . o 

If a? t= 1, 

« = 1 H- 7 + r^ + ]^ + &c. = 2-71828, &c., which is 

the base of the system of logarithms used by Napier, the 
inventor of logarithms. 

XXX. •.• a + 6 = " , , 

1 - — /. 
a -\- o 

.-. (a + 5)" = — J . = a- ( 1 : ) . 

/. (a + fc)" = 

a'{ 1 -f- n . -^ + n{p_+}) ( b\^ ^ &xi.}[An. XXVIII.) 
a. -f-6 2 \a -i-b/ "' 

This is Colson's Theorem. 



CHAPTER XIII. 

VARIATIONS, PERMUTATIONS, AND COMBINATIONS. 

XXXI. The diflferent arrangements which can be made 
of any number of quantities, taking a certain number at a 
time, are calleu their Variations. 
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Thus, if a, b, c be taken two together, their yariatioDS \si\\ 
be ab, ba, ac, ca, be, el>. 

If all the quantities are taken together, their variations 
are called Permutations. 

Thus the permutations of a, 6, c are abc, aeb, bac, hca, caib, 
cba. 

XXXII. The number of variations of n different things, 
taken r together, is n (n — 1 ) (n — 2) . . . . {» — (r — 1)}. 

Let a, h, e, d, &g., be the n things ; then the number of 
variations which can be made, taking them singly, is n. 

Let n — 1 of these things, namely b, c, d, &c., be taken 
singly, then the number of their variations is 72 — 1 : and if 
a be placed before each, we shall have n — 1 variations of n 
things, taken two together, in which a stands first; similarly 
we shall have n — 1 such variations, in which b stands first ; 
and similarly for all the n things, hence there will be on the 
whole n (71 — 1 ) variations of n things taken two together. 

Again, taking rt — 1 of these things, namely b, c, d, &c., 
their variations, taken tioo together, will be n (n — 1) (n — 2); 
and proceeding as before, there will be on the whole (w — 1 ) 
(71 — 2) variations of n things taken three together. 

Similarly their variations, taken four together, will be 
» (n - 1) (n — 2) (n — 3). Hence, if V,, V^, V^,, &c., V, de- 
note the variations of n things, taken I, 2, 3, &c., r together, 
we have 

V, = n, Vg =^ n (» — I), V^, = n (n — 1) (n — 2), &c. 
V, = n (n - 1) (w - 2) (w - 3) {» - (r - 1)}. 

Cor. ••• the permutations (jo) of n things are their varia- 
tions, taken aU together ; by writing n for r we shall have 

/> = n(n— l)(n — 2) (n — (n — 2)} {n — (n — 1)} 

= w (n — 1) (n — 2) 2.1 = 1.2.3 n. 

XXXII I. When a and b are different, their permutations 
are a6, ba, but when a = 5, they become aa. 

Let a recur p times, b, q times, c, r times, &c., and P be 
the number of permutations required. Then if all the a 9 
be changed into different letters, they will form 1 . 2 . 3 . . . . p 

H 3 



154 VARIATIONS, PERMUTATIONS. 

permutations, and out of ectch of the P permutations we 
should form 1 . 2 . 8 . . . ./> permutations^ so that there would 
be P times 1 . S . 3 . . . p permutations. Similarly if all 
the i's be changed to different letters, they would form 
1 . 2 . 8 ... 9 permutations, and therefore there would be 
P. (1.2. 8. .../?. 1.2. 3... .5) permutations. Now, when 
all the quantities have become different, the number of per- 
mutations is 1 . 2 . 3 . . . n. (Art. XXXII., Cor.) 

.-. P.(1.2.3...^. l.2.3...g.l.2.3...r.&c.) = 1.2.3...n, 

i.i«»o fi 



' P = 



1.2.3..p.l 2. 3. ...9. 1.2. 8. ..r. &c.' 



XXXIV. Suppose there are n things, a, bj c, rf, &c., and that 
they may be repeated ; then, if they be taken two together, 
we shall have n variations where a stands first, n where b 
stands first, n where c stands first, &c. And since there are 
n things, the entire numbers of variations will be » x n, or 
w'. 

If they be taken three together, since each of them may 
stand before each variation, the entire number of variations 
will be n X n^, or n\ 

In the same manner, if they be taken n together, the 
entire number of variations will be n". 

And if it be required to determine the total number of 
variations with repetitions of n things taken one at a time, 
two at a time, &c., and all together, we must take the sum of 
the geometric series » -f n^ -f- n* -f . . . w" 

XXXV. The different collections that can be made of a 
number of things, taking a certain number together without 
regarding their order, are called their Combinations, 

Thus the combinations of a, ^, c, taken two together, are 
abf ac, be. 

Each combination will supply as many corresponding 
variations as the number of things it contains admits of 
permutations. 

Each combination of r. things supplies 1 .2 . 3 ... r variations 
of r things ; hence, if Cr be the number of combinations of 
n things, taken r together, 



AND COMBINATIONS. 155 

C, . (1 . 2 . 3...r) = V, = «(n — 1) (n - 2)...{» - (r - 1)}, 

. C « n(n-l)(n-a)...{n-(r~l)} , 
" ' 1.2.3...r 

Cor. If 1, 2, 3, 4, &c., be successively put for r, we shall have 

« . ^ . « o^ n(n— 1) n(n— l)(n— 2) 

.-. Cj + C^ + C3 + &c. =n+ "YT^ + • 1 2 3 — ' t *«• 

T^ ./^ . x« , n{n— 1) „ . n(«— l)(n— 2) , 

But(l+«)»=l4-nd?+-Y-^V+ 12 3 ^ "^ ^<^' 

(Art. XXVIII.) 

/, ,x- .x« , n(n — 1) n(fi— l)(n— 2) 

.'.(l+l)" = 2« = l-i-n.f- ^^^^ ^ + ^ i.a .l~^ + ^^- 



^« , n(»»-l) n(n-l)(n — 3) 



<&C. 



.-. Cj + C2 -f C3 + &c. = 2" — 1 i= the sum of all the ' 
combinations that can be made of n things taken 1,2, 3, &c., n 
together. 

XXXVI. The number of combinations of n sets of things, 
containing respectively p, 9, r, &c., things, one being taken 
out of each set for each combination, is equal to the con- 
tinued product of p, y, r, &c. 

First, if there be two. sets, containing f and q things 
respectively, the number of combinations will be 'p q. 

Then, if there be another set, containing r things, each of 
them being combined with p q combinations, the number of 
combinations will be pqr, &c. 

Cor. Jfp s^ q=i r=: &c., the number of combinations = jt?**. 

XXXVII. If of *n things r be taken, n — r things will be 
left, and for every different set of r things taken, there will 
be a diflferent set containing n ^r remaining; therefore, the 
number of the former sets will constantly be the same as that 
of the latter. 

Hence, the number of combinations of n things taken r 
together is the same as the number of combinations of n 
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things taken n — r together. This may bd expressed thus, 

"r* ... «r* 
I', — W-r* 

XXXVIII. To find the number of combinations of two sets 
of things containing respectively m and n things, by taking r 
out of one set and s out of the other for each combination. 

«r V »r - wg(7W--l)...(m-r + l) n(n-l) (w-8 -4- 1) 
' ^ '''"• 1.2...r ^ 1.2... 5 

(Art. XXXV.) 

XXXIX. To find what number r out of n things must be 
taken together, so that the number of combinations formed 
may be a maximum. 

Since C,. is obtained by multiplying C,._„ by , or 

n + 1 

1, the quantities C^ C^, &c., will increase continually, 

r 

each term upon the preceding, so long as their factor > 1 ; 
hence C, will be the greatest for the greatest value of r 
which allows of this, or if n + 1 > 2r, that is, when r is the 
integer next < i(n -f 1). 

If n be even, r^=^nt if n be odd, and ,\ ^(n -f- 1) an 
integer, r = ^(n + 1)— 1 = ^{n — I); but in this case, 
since C,. = C„_,. (Art, XXXVI I.), the number taken ^ (n — 1) 
together = number taken n— |(n--l) or i(n-|-l) toge- 
ther, and .•. r may be either |(n — 1) or ^(w + 1). 

Eaamples. 

1. How many changes can be rung with 7 beills out of 10? 
By Variations, Art. XXXII., 

Vr = n{n— 1)(/E — 2)... {w — (r — 1)}; 

and '.• there are 10 bells, n = 10, 

and •.* they are taken 7 at a time, r = 7, and r — 1 := 6, 

... n -(r- 1) = 10 - 6 = 4. 
Hence V7 = 10.9.8.7.6.5.4 = 604800 changes. 

2. How often can 6 boys change their places in a c^ase, so 
as not to preserve the same order ? 

By Permutation, Art. XXXII., Cor., /? = 1 . 2 . 3 ... n, 

.• ;o = 1 . a . 3 . 4 5 6 s^ 720 times. 
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3. In how many ways may the word enunciation be written ? 
By Permutation, Art. XXXIII., P == , ^^'J'^'^ ; 

and '.* there are 11 letters, of which 3 are n*s and Q are is, 
.-. n = 11, ^ = 3, 5 = 2. 

„ 1.2.8.4.6.6.7.8.9.10.11 „«^^,^^ 
Hence, P = = 3326400 ways. 

4. Into how many difFerent triangles may a decagon be 
divided by drawing lines from the angular points? 

The number of triangles will be equal to the number of 
lines that can be drawn by connecting 7 at a time of the 
1 angles with each angle ; that is, it will be equal to the 
number of combinations of 10 angles taken 7 together. 
Combination (Art. XXXV.), 

^ ^ n(n-l)(n>-2)...{n~(r~l)} 

1 . <« . t5 ... r 

10.9.8.7.6.5.4 



1.2.3.4.5.6.7 



= 120. 



5. The total number of combinations of 2n things : total 
number of n things : : 129 : 1 ; find n. 

Combinations (Art. XXXV., Cor.), 2" — 1 ; write 2n for n, 
then 

2*" — 1 = total number of combinations of 2n things, 

2"" - 1 _ 129 (2" + 1)(2''~ 1) _129 

2--1 — I » ^^ 2« _ 1 — — » 

2" + 1 = 129, 2" = 128, 2" = 2', .-. n = 7. Ans. 

6. How many different collections and words may be formed 
of 5 letters of the alphabet, 2 vowels and 3 consonants being 
taken together? 

Combinations (Arts. XXXVIII., XXXV.), 

to(wi— l)...(w — r + J) n(n— l)...(n— « -f U 

" C y "C z^ ■— — - ' - X — - ' 
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Here m = 19 consonants, n = 5 vowels) m — r + 1 = 17; 
r=3 „" « = 2 „ Jn — s + l=4, 

/. -a X "C. = -^^^ X ^ =969 X 10=9690 collections. 

But since each collection consists of 5 letters, each may be 
permuted 5.4.3.2.1 different ways ; for (Permutation, Art. 
XXXII., Cor.) 

p = n (n — 1) . (n — 2) ... 3 . 2 . 1. 

Here n = 6, 
.-. p = 5.4.3.2.1 = 120 permutations of the 9690 collections, 

.-. 9690 X 120 = 1162800 words. Ans. 

7. A telegraph has m arms, and each arm is capable of 
n distinct positions ; find the total number of signals that can 
be made with the telegraph. 

Combination (Art XXXV., Cor.), First find the number 
of combinations of m arms taken 1 at a time, 2 at a time, &c., 

m^ iw(m— 1) ^^ m(w— l)(m — 2) . 






1.2 1.2.3 



+ &c. = number of combinations of the m arms, taken at first 
singly, then 2 at a time, then 3 at a time, &c. But as each 
arm is capable of n distinct positions, the entire number of 
combinations with changes of position = 

m(m— 1) 3 . m(m — l)(m — 2) • . . 

(I 4- n)" - 1. Art. XXVIIL, Cor. 2. 

7. How many changes may be rung on 5 bells? Ans. 120. 

8. How many different numbers can be made out of one 
unit, two 2's, three 3's, and four 4's, supposing all the figures 
to be in every number ? Ans. 1 2600. 

9 How many changes can be rung with 4 bells out of 8 ? 

Ans. 1680. 
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JO. Given the number of variations of 3» + 1 things, 
n — I together : number of variations of 2n — I, n together, 
: : 3 : 5 ; determine n. Ans. 4. 

11. How many different hands may a person hold at the 
game of whist ; that is, how many changes can be made of 
13 cards out of 5$i? Ans. 635013559600. 

12. A company of soldiers consists of 50 men, and 4 of 
them are selected every night to mount guard ; on how many 
nights can a different selection of the 4 sentinels be made ? 

Ans. 230300. 

13. What is the total number of combinations of 16 things, 
taken 1, 2, 3, &c., at a time ? Ans. 65535. 

14. The number of variations of m -f n things, 2 together, 
is 56, and of m — n things is 12 ; find the number of com- 
binations of m things, n together. Ans. 15. 

15. Find, the number of permutations with repetitions 
(that is, allowing things which recur to be combined as if 
they were different) of 12 things, taken 5 together. 

Ans. 248832. 

16. Show that the number of different combinations of n 
things taken 1, 2, 3, &c., n together, of which p are of one 
sort, q of anotiier, r of another, &c., is (/? + 1) (? H- 1) 
(r + 1) ... 1. 

17. There are 4 companies of soldiei's, consisting of 40, 42, 
45 and 50 men respectively; how many selections of 4 men 
can be made by taking one out of each company ? 

Ans. 3780000. 



CHAPTER XIV. 

COMPOUND INTEREST AND ANNUITIES. 

XL. Let P be the principal, or sum lent, 

M the aTnount, or sum of principal and 

interest, 
r the interest of &\ for the first period of 

time, 
R = 1 4- r, the amount of £1 for that 

period, 
n tbe number of periods. 
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Then, at the end of the first period R will be the prin- 
cipal, and •.• £1 invested amounts to R pounds, 

.'. 1 : R : : R ; R- = amount of £1 in $2 periods, 

similarly 1 : R^ : : R : R"* = „ 3 „ 

and so on. /. R" = amount of J61 in n periods of time of 
equal length ; and when £P is the given principal, the amount 
will be P times as great as when £1 is the principal. 

.-. M = P R*, log M = log P + n log R (Art. XXVII.). 

By this last equation, any three of the quantities M, P, n, R 
being given, the fourth may be found. 

XLl. Let A be an annuity, or sum of money annually 
payable, R the amount of £1 in one year; then, A is 
the amount of the annuity at the end of the first year, 
1 : A : : R : R A = its amount at the end of the second year, 
.* A + R A = A (1 -f R) is the sum due at the end of the 
second year; similarly 1 :A(1 -i- R)::R:A(R4- R-) is 
the amount of the two payments at the end of the third year, 
.'. A + A (R + R ) = A (1 + R + R'-) is the sum due at 
the end of the third year ; similarly A (1 -f- R 4- R' + R'O is 
the sum due at the end of the fourth year ; and generally 

R" — 1 

A (1 -h R -I- R^ -f ... R''~').= A . = M, the amount 

R — 1 

of tJie annuity, at compound interest, in n years. 

log M = log A -h log (R" — 1) — log (R — 1). 
XLII. Let V be the present value of the annuity A, then 

R" — 1 , I — R— 

VR" = A. -, .-. V = A. --, 

R - 1 R— I 

log V = log A + log (1 — R-») — log(R — I). 

Cor. If the annuity be perpetucdy n is infinite, 

.•.E- = 1=0, 

and V = = the present value of a perpetual annuity 

of £A per annum. 
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XLIII. Let the annuity A commence after m years, and con- 
tinue for n years, then its present value >nll be tlie difference 
between its present value for w + n years, and its present 
value for m years, or 

1 - R-(m+n) 1 _ K,-'' AR-*" — AR-'"-" 

V=A ; A -s= 

R— 1 R— 1 R- 1 

"" Rnn 

log V = log A — w log R + log (1 — R-") — log(R — I). 

Cor. If the annuity be perpetual, n is infinite, .*. R~" = 0, 

AR"*" 
and V = = the present value of a deferred annuity, 

to continue for ever. 

XLIV. Let N denote any number, whole, fractional, or mixed ; 
let xN denote its logarithm, and xN the complement, of that 

logarithm, so that x —-=: — xN = xN; then the formulae 

adapted to logarithmic computation in the last four articles 
may be put into a more convenient shape by writing x for log, 
and K for — log. 

Examples. 

1. What sum laid up* now and improved at compound 
interest during 12 years, will amount to 6000Z., the rate of 
interest being 4^ per cent., the interest being payable yearly? 

By Art. XL. log P = — w log R -f- log M, or 

X P = wxR + ^M 

= _lJi- (1-045) -f X5000 

Now ,f 1-045 =1-9808837 

X n= 12 



1-7706044 
X 5000 = 3-6989700 



X P = 3-4695744 

.-. P = 2948-31836 =t f 2948 65. 4i</. Ant*. 
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2. To what sum will an annuity of £100 amount in 20 
years, at compound interest, at ^i per cent., interest payable 
yearly? 

By Art. XLI. 

log M = log (R" - 1) + log A — log (R - 1), or 

aM = x(R" - 1) + XA + x(R— 1), 

= A (1-045^* - 1) + A 100 + X -045 
Now X 1-046 =-0191163 

ao 



•3823260 

thjB number to which is 2*4117150 

-1 



1-4117160 
the log of which is -1497470 
X 100 =2 



2-1497470 
K 046 1-8467875 



AM =3-4965346, 

.-. M = 3137-144 = JB3137 2«. lOJrf. Ans. 

If the interest were payable half-yearly, n would be 40, 

•046 
r would be -^ = 0225, .-. R would be 10226. 
(« 

If the interest were payable quarterly, n would be 80, and 
R 1-01125. 

3. What is the value of the lease of an estate for 21 years, 
tne clear annual rental being £136, allowing 6 per cent, com- 
pound interest? 

By Art. XLII. 

log V = log (1 — R—) + log A — log (R — 1), or 
A V = A (1 - R-») -f AA -h X (R — 1) 
= A(l - 105-") + A136 + x05 
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Now ^ R— = A 4: = *»" = * 1-05*' = 1-9788107 

21 



9788107 
19576214 



21 



.-. R— = •368942Q, 
A -6410578 
x-135 
x-05 

XV 

.-. V= 1730-8565 



1-5560247, 
l-R-" = -6410578 

= 1-8068973 
= 2-1303338 
= 1-3010300 



= 3-2382611 
£1730 17«. Hd. Ans. 



4. Find the compound interest of £800 for 9 years at 5 per 
cent, per annum, the interest being payable yearly. 

Ans. £441 1^;. Sd. 

5. Find the amount of an annuity of £356 per annum, pay- 
able half-yearly for 9 years, allowing compound interest at 
6 per cent, per annum. Ans. £4167 15s. 4^(2. 

6. What is the present value of an annuity of £70 per 
annum, payable quarterly for five years, allowing compound 
interest at 6 per cent, per annum? Ans. £307 19s. S^d. 

7. Find the present value of a deferred annuity of £1000, 
to commence after the expiration of 6 years, and then to 
continue for 20 years, allowing compound interest at 5 per 
cent Ans. £9764 9s. 4{d. 

8. If a lease for 55 J years cost £100, *what annual rent 
ought the purchaser to receive, that he may get 5^ per cent 
for his money? Ans. £5 16«. 
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9. What is the diflPerence between the value of a freehold 
estate, or perpetual annuity of £100 per annum, and that of 
a leasehold estate of £100 per annum, to continue 60 years? 

Ans. The freehold is worth £107 1«. 4|<i. more than the 
leasehold. 

1 0. What sum ought to be paid for the reversion of an an- 
nuity of £50 for 14 years after the next 7, that the purchaser 
may make 5 per Cent, of his money? Ans. £351 lOs, nearly. 

11. The sum of £518 6«. being pl£iced out at compound 
interest for 3 years, amounts to £600 ; find the rate of in- 
terest. Ans. 5 per cent. 

IS. In what time will a sum of money double itself, at 
4 per cent, compound interest? Ans. In 17*6 years. 

13. Suppose a person to place out annually the sum of 
£S0 for 40 successive years, what would the whole amount to 
at the end of that time, at 5 per cent, compound interest? 

Ans. £2416. 

14. Find the present value of an annuity of £40, to con- 
tinue 5 years, allowing compound interest at 5 per cent. 

Ans. £173 3«. 7aJ. 

15. What must be paid for an estate whose annual rental 
is £79 4«. that the purchaser may make 4| per cent, of his 
money? Ans. £1760. 

16. A person places P pounds at interest, and adds to his 

capital at the end of every year — th part of the interest 

for that year; what is the amount at the expiration of n 

^^^^^' Ans. P f — + r -h • 

\m / 

17. Find the present- value of an annuity of £20, to com- 
mence 10 years hence, and then to continue 11 years, allow- 
ing 3| per cent, compound interest. Ans. £118 7«. 3|</. 

18. A person leaves to his two sons, A and B, equal 
shares 6f an estate producing £1000 per annum, but A pro- 
poses that B shall take both shares, and allow him an equi- 
valent annuity for 20 years ; what annuity ought P %c allow A, 
reckoning interest at 4| per cent. '^ Ans. £854 2s. id 
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CONTAlNINOt MISCELLANEOUS INVESTIGATIONS AND 

EXAMPLES. 



I. In the equation 

r and N are given numbers : it is required to find the nu- 
merical values of the coefficients a, 6, c, &c., and also the 
value of the exponent n. 

Divide the second side of the equation by the known num- 
ber r ; the quotient will be 

and the remainder z, which thus becomes known. In like 
manner, dividing the number Q by r, the quotient is 

ar'''^ + 5r"-3 + cv^-" -f p = Q', 

and the remainder q. And it is plain, that by thus dividing 
N, Q, Q', &c., by r, the successive remainders will be the re- 
quired coefficients 8, 9, j?, &c. ; and the number of divisions, 
minus 1, will denote the value of n. These coefficients will 
be no other than the digits or figures which express any num- 
ber N in the arithmetical scale of notation in which the radix 
is r; the radix in the common or decimal scale is 10. 

For example, suppose it were required to convert the 
number 17486 from the decimal to the senary scale, that is, 
to express it in the scale of which the radix is 6, the range of 
figures in this scale being 0, 1, 2, 3, 4, 5. 

Here we have to find the coefficients a, &, c, ^., so as to 
fulfil the condition 

a.6» + 6.6— • +C.6— * H- « = 17486. 

Dividing therefore successively by 6, and noting the several 
remainders, we have 
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6) 17486 



6) 2914, remainder = d = t 

6) 486 ., 4 = (^ 

6)80 „ 6=p 

6) 13 „ 2 = c 



6)2 „ 1=6 

„ 2=rf. 

Therefore 17486, in the decimal, or denary scale, and which 
means 1 . 10* + 7 . 10* + 4 . 10^ + 8.10 + 6, when con- 
verted into the senary scale is 212542, which means 
2 . 6^ -f 1 . 6* + 2 . 6* + 5 . 6* + 4 . 6 +2 = 17486. In 
the common or denary scale every digit is increased In a ten- 
fold proportion by being advanced a place to the left ; in the 
senary scale the advance increases the digit in a sixfold pro- 
portion ; in the quaternary scale in a fourfold proportion ; in 
the ternary, in a threefold ; and in the binary, in a twofold. 

For ample information on scales of notation the learner 
"may consult Barlow's " Theory of Numbers." 

II. To find the value of a vanishing fraction, that is, of a 
fraction the terms of which vanish for a particular value of 
some general symbol common to both. 

p 

Let pr l>6 a fraction such that a certain value a being put 

for X (a variable quantity supposed here to enter P and Q), it 
is found that, for such value of «, there results P = 0, and 

Q = 0, the fraction then taking the form -j- : it is required to 

find \^hat the true value really is which is concealed under 
this ambiguous form. 

It is plain, that in order that P and Q may simultaneously 

p 

vanish for x = a, the fraction -r- must be of the form 
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- y !-, the exponents m, n, one or both, being integral or 

fractional ; P and Q could not vanish together for any value 
of X, unless for that value there vanished some /a<?tor common 
to P and Q. If therefore this common factor be cancelled, 

the cause of the vague form -r- will be removed, and the true 

value of the fraction obtained, as in the following examples : — 

^ ^2 

1. Required the value of , when « = a. 

For this value of x, the fraction takes the form -— , a sure 

sign that the numerator and denominator have a common 
measure that also vanishes for ^ = a. It is easy to see that 
X -^ ai% this common measure, and that 



a?^ — o' a? -H a 



X — a 



= 2a, when w =s a. 



2. Required the value of ttzt^ — ^ ^ when 



X == a. 



In order to put in evidence the vanishing factor, it will be 
convenient to write the fraction thus 

y {(a? — a)(d? — g)} -\-^ {2a(j? — q)} 
»y{{x-\-a){x — a)} * 

in which form it is at once seen that the vanishing factor 
common to numerator and denominator is ^ (x — a). Can- 
celling this common factor, the general fraction becomes 

'^ — mr-^ — r , and the particular case of it for a? = a 

is evidently — r-r- = 1. 
>/ 3a 

3. Required the value of -^^ rz , when « = 1 

(1 — mf 
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Here the vanishiDg factor, common to numerator and de- 
nominator, must evidently be 1 — ;r, at least; probably 

1 - «) 1 - Sx 4- a«»(l -ea:— i^'-i^l — a:2-|-«-ar* 
1 — « 



X - 
X 








- 2 a?- 


+ '2x' 



The quotient I — a?' + ^ — a?^ is clearly divigible also by 
1 — «, the second quotient being I 4- a? -f- a?. Consequently 

1 ^ 3a?^ H- 2a?' 1 + 2a; . , 

(1 ^ xf -J— = 8,whena? = l 

4. Required the value of ^^ , when a? = 0. 

X 

By the Binomial Theorem, the numerator of this fraction 



IS 



n (n — 1) . , « 
na"~' a? H ^— r — - a^"^ ar + to n terms, 



^erefore dividing by a?, the denominator, the general value of 
the fraction is 

na*~* H — ^— -a*'^x -f &c. = na"~\ when a? = 0. 

III. To determine the greatest or least values which alge- 
braical expressions admit of under proposed conditions. 

To find what particular value a variable quantity mast 
have in order that the expression into which it enters may be 
greater or less than it would be for any other value if that 
variable is a problem belonging to what is called the maxima 
and minima of algebraical quantities, and which in its widest 
extent can be solved only by help of the differential calculus 
(see the Rudimentary Treatise on that subject). But many 
questions belonging to maxima and minima can be solved by 
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aid only of quadratic equations : we shall here present a 
specimen of such solutions, following the example of Bourdon 
in his ** Algebre " 

1. Divide a given number Jia into two parts, such that the 
product of those parts may be the greatest possible. 

Let X be one part, then 2a — a? is the other ; let also y re- 
present the product of these when greatest : then we have 
ar(2a — 0?) = y. 

/. Saa? — a?*^ = y, .'. «^ — ^ax = — y. 

Solving this quadratic, as if y were known, we have 

ar = a±^(a'-2/) (1). 

Now the greatest value that y can have consistently with a 
real value of a^ is evidently y = a-. This, therefore, is the 
maximum value of the product 2a;i? — a:^, that is to say, we 
. must have 2a^ — «' = a^ or (1), a? = a ± v^ (a^ — a^) = a. 
Consequently, the product of the two equal parts of a number 
is always greater than the product of any two unequal parts 
of it. 

3. Divide a given number 2 a into two parts, such that the 
sum of their squares shall be less than the sum of the squares 
of any other two parts into which that number may be 
divided. 

Let the parts be x and 2a — a?, and put y for the sum of 
the squares when this sum is a minimum: we then have 

a'i + (2 a - a?)« = y 
•. S^b' — 4aa;+4a' = y 



y 



.-. j}^ — 2da? = | — 2a 



.2 



.-. *=«±/y/(|-a')... (1). 



Now the least value that y can have consistently with the 

reality of of^ is evidently such as to render ^ — . a^ = 0, be- 

cause for a less value than this the expression under the radi* 

I 
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cal sign would be negative, and therefore x would be loiag'i* 
nary, consequently y = 2a-; therefore (1), 

« = a ± v' («' — »') = «! 

so that, as in the former problem, the number must be 
divided into e({ual parts. 

3. Divide a number da into two parts, such that the 
sum of the quotients of each part by the other shall be a 
minimum. 

Putting y for the minimum value, we have 

X ^Qt —- X 

H = y, /. s^ + (2a — ssf ^{^a-^ x)xy 



U a — X X 

' 2 a?' — 4 a a? + 4 a^ = (2 a — ^) a?y 

4 a* 

"" (2 a^x)x ^ 

.*. ar — 2 a « = — -r .'. X = a± a / V »^ — ;: )• 

2 +y V V 2-fy/ 

Equating the expression under the radical to zero, we have 

4a* 
a* - = 0, .-. 2 + y - 4 = 

2+y ^^ 

.•. y = 2 A ay = a .-. 2 a — a? = a, 

so that as before the number must be divided in two equal 
parts ; the sum of the quotients being 2. 

4. It is required to determine whether the expression 

44r* H- -ix — 3 . 

— rrrr: rr— admits of a maximum or a minimum. 

6(2« + l) 

. , . 4^'^+4x-3 

As before, put • = v 

'^ 6(2«+l) ^ 

then 4a;* — 4 (3y— l)jc = 6y + b 
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Now whatever real value be given to y, the quantity under 
the radical sign will always be positive ; so that x will con- 
tinue real, however small or however great y be taken ; there- 
fore there is no limitation as to the smallness or largeness of y \ 
that is, there is no maximum or minimum value of the pro- 
posed expression. 

IV. To find the number of shot in a pile, whether square, 
triangular, or rectangular. 

In arsenals and fortresses, cannon balls and shells are ar- 
ranged in piles with either square, triangular, or rectangular 
bases. 

A square pile is formed by a succession of horizontal 
courses one above another, each course forming a square, the 
pile being crowned by a single shot, the sides of the succes- 
sive courses decreasing also by a single shot in regular order 
from bottom to top. 

A triangular pile is made up of horizontal triangular 
courses, the sides of the successive courses decreasing by a 
single shot, and the pile terminating, as in the square pile, 
by one shot at top. 

In both these piles the sides or faces are equilateral 
triangles, the shot in each face forming an arithmetical pro- 
gression, the first of which is 1, and the last the number of 
shot in the bottom row. 

If to one of the sloping faces of the squai'e pile a new and 
equal face of shot be added, the whole pile will of course ter- 
minate in t%xio shot; if another face be added it will terminate 
in three shot, and so on ; and in this way the rectangular pile 
may be regarded as formed ; the number of triangular faces of 
shot added to the square pile being thus always one less than 
the number of shot in the top row or edge ; or, which is the 
same thing, this number is equal to the difference between 
the number of shot in the longer side and the number in the 
shorter side of the rectangular base. 

1 . How many shot are there in a square pile which has 
8 shot in the bottom row? 

I 3 
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Commencing at the top Shot, and adding together the 
beveral courses, we have 

] + 2^ + 32 4. 42 ^ 52 ^. gi ^ 72 ^ 82 ^ j^04, 

or by the formula at page 145 * 

1 + 3' + 3^ + + „-^ = !Li!L+iKH±±I) 

which for n = 8, gives = 4x3x17= 204. 

2. How many shot are there in an oblong or rectangular 
pile, the number of shot in one side of the base being 1 6, and 
the number in the other side 7 ? 

By the above formula the number of shot in the square 
pile, the side of whose base has 7 shot, is 

7 X 8 X 16 ^ . ^ ... 
=7x4x5 = 140. 

The number of shot in a face of this pile is 1 + 2 + 3 + 4 
-+-5 4-6 + 7 = 28; and as 9 such faces have been added to 
the square pile, 28 x 9 = 252 shot have been added to that 
pile to form the rectangular pile. 

.-. 140 + 252 = 392, the number of shot in the pile. 

It is plain that, as in this example, the number of shot in 
an oblong pile will always be obtained by adding to the 
square pile, the side of whose base is n — the shortest side of 
the oblong base — the arithmetical progression I + 2 + 8 ... 
+ n multiplied by m — n, m being the longest side of the 
oblong base. 

The general formula for the shot in an oblong or rectan- 
gular pile is therefore 

n(n {- 1) (2w + 1) n(n -f l)(m — n) _ 

6 "*" 2 "" 

n (n -I- l ){2n + 1 -h 3m >- 3n} __ 

6 ■" 

w (w -f 1) (3w — n + 1) 
6 • 

* The truth of this general expression for the snm of the i>qnares of th« 
natonil numbers, is established at Article Y. of this Appendix. 
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3. How many shot are there in an oblong pile, the shorter 
side of the base of which contains 15, and the longer 
side 35? 

Here n = 15, and m = 35. 

.-. ^^ X 16 X 91 ^ 5 ^ g ^ gi ^ gg,^Q^ ^Yie number of 

o 
shot. 

4. How many shot are there in a triangular pile, of which 
each side of tlie base contains 8 shot ? 

It is obvious that, commencing at the bottom course, the 
shot in the several courses are given by the following arith- 
metical progressions : — 

1st course 1+2 + 3+ ... +8 = 9x4 =a86 

and „ 1 + 2 -H 3 + ... + 7 = 8 X 34 = 28 

3rd „ 1 -|. 2 + 3 + ... +6 = 7x3 =21 

4th „ 1+2+3+ ... + 6 = 6 X 2J = 15 

5th „ 1+2 + 3 + 4 =6x2 =10 

6th „ 1 + 2 + 3 = 4 X 1 J = 6 

7th „ 1 + 2 =3 



8th 



»» 



120 
the number of shot. 

It is plain that the n layers or courses in a triangular pile 
is always the sum of n terms of the series. 

1 + 3 + 6 + 10 + 15 + 21 + 28 + &c. ; 

or, taking the terms in pairs, if there be an even number of 

ft 
them, the sum will be - terms of the series 4 + 16 + 36 + 

Ac. ; or 4 (1 + 2' + 8- + &c., to ^ terms).* 

* That the sum of any two consecutive terms in the series of fyian^tUar 
numbers — as these numbers are, fur obvious reasons, called — is always a 
square number, may be proved in general terms, as follows : — 

Tl)e nth triangular number being the sum of the arithmetical series 

1 + 2 + 8 + 4+ +» 

IS 5 , consequently th , recedmg, or » — 1th term, is - — t~— ; 
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The exprension for this sum by the formula above is 

* X 1 /j (1. .),. + .). --il±J>il±i!, 

But if /2 be an odd number, then taking the first n — 1 turma 
of the series, as above, the sum of th^, hj the formula just 

5 , -1 . .J. . (n •— 1) w (« -f 1 ) , . , 

deduced, putting n — 1 for n, is ^~ ^; to which 

the nth term, or 

1 + 2 + 8 + 4 + + n = ^ (« + 1) 

must be added, to get the sum of* the entire n terms. 

Now (!LZLll!?i!L±i) 4. ^(^ + ^) = 

6 2 

n(n— 1) (n + 1)4- 3 n(n + 1) _ 

6 "" 
{» (n — 1) + 8 n] (n + 1) n (n -f 1) (n 4- 2) 
6 == 6 • 

Hence the expression for the sum of the n courses in a 
triangular pile of shot is the same whether n be even or 
odd. 

Applying this formula to the foregoing example, where 

8 X 9 X 10 , ^ ,^ ,,,^ , 

n == 8, we have 5 = 4 x 3 x 10 = 120, the num- 

o 

ber of shot in the pile. 

V. To tind the sum of the series 

1 + 3- + 3' + 4^ + 5- + +n'% 

by the method of indeterminate coefficients. 

Put 1 -f 2V 8"^ 4- .... +n®=AHTB»-hC»*-hI>n* + 
&c, : the object is to determine the numerical values of A, 
B, C, &c. 

(n-l)n n(»-H) _ 2>t«_ 
and —2—+ 2 ^T"*** 

Hence the nth term, added to the preceding term in the series of triangular 
numbers, is n\ 
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If n be changed into n + 1, the preceding identical equa-> 
lion becomes 

I + 2-' + 3^ + +(nH-l)* = 

A + B(nH- 1) -i- C(n + ])^ + D(n + 1)*+, &c. 
Subtracting the former from this there remains 
n^ + 2n-hl=BH-2Cn + CH-3 Dn' + 3 Dn -f- D. 

the subsequent terms, involving the coefficients E, F, &c., 
being omitted; because, since these coefficients would be 
connected with n^ n^, &c,, thej would all be zero, seeing that 
these powers of n are absent from the first member of the 
identical equation. Hence, equating the coefficients of the 
like powers of n, we have the conditions 

3 D = I . D = ^ 

2C + 3D=:2 .-. C = - 

B + C-|-D=l .-. B=;=-; 



A is evidently 0, and might have been suppressed at the out- 
set, because when n = in the first identity, that identity 
becomes = A. 

.M + gf2 + 3^ + ...+n^ = ?+^+^ 

_ n + 3n^ -f- 2n* 
"" 6 

_ n(l -f 3n-f ^rr) 
" 6 

n(n + l)(2n + 1) 
■" "6 

VI. Binomial Equations — Reciprocal Equations. 

A binomial equation is an equation consisting of but two 
terms, and belonging to the general form 4?" + a = 0, where 
a may be either positive or negative. Tbis form may be re- 
duced to the more simple one d;" ± 1 = by dividing it by a, 
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.11 . 



or a"; for we then have T— j*±l=0, which, by putting 

X for z — becomes 4?" di 1 = 0. 

Let n = 2 : then the solutions of the equati ons x^ ^X = 0, 
and d?"^ + 1 = 0, are a? = ± 1, and a? = d: v — 1. 

Let n = 3^ then since ar* — 1 = (a? — 1) (j?^ 4- a? -f 1), the 
solution of the equation jr* — 1 = becomes the solution of 
the two equations 

ip — 1 = 0, and ^- 4- » + 1 = 0; 
that is, the values of x are 

« __ 1, a? — ^ , a? — ^ . 

These, therefore, are the three values of the cube root of L 
If instead of 1 the second term of the binomial were any other 
number a, then we should have to multiply each of these 
cube roots of unity by the arithmetical cube root of a. For 
instance, suppose a were 8, then we should have 

V8 = 2, or-1 + \/"^^or - 1 - v/^l. 
In like manner V^^ = 3, or - (— 1 -r \/ — 3), 

If either of these roots be cubed, the result will of course 
be the power under the radical sign on the left. 

If the equation had been a?^ -f 1 = 0, then since one root 
fe evidently ic=--l,;p+li8a factor of ar* + 1, so that 
.or* + 1 t= (a; -f l)(iij- - a? + 1). Consequently the three roots 
of the proposed binomial equation are given by the roots of 

a? -f 1 = 0, and X' — X ^ 1=0, 
which are a; = — 1, « = %- , x = ~ . 



h 
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Let » = 4 : then since ar* — 1 = (d>^ — 1) (x^ -] I), the 
solution of the equation x^ —1 = becomes the solution of 
the two equations 

ir' — 1 = 0, and «- + 1 = ; 

so that the values of a are 

a?=l, 0?= — 1, d? = \/— I. ^= — V""^* 

These, therefore, are the /our values of the fourth root of I. 
If the fourth root of 16 be required, then, omitting no value 
that has claim to be called a fourth root, we should have 

4^16 = 3, or — 2, or 2 >/ — 1, or — 2 \/ — 1. 

If the equation had been «* + 1 = 0, the roots would have 
been those of the equations 

at'' + y/'^ = 0, and x" - s/"^^ = 0, 

because (« - -f v/ — I) (a?^ — y/ — l) =z a?^ -f 1, 

.-. a?= ± ^ (— ^"^l and ± y/ (y/ZTf). 

The principle here illustrated is perfectly general : the ?ith 
root of a number always has n different values ; but to deter- 
mine the expressions for these roots when n is a high number, 
it is desirable to avail ourselves of the aid of Trigonometry. 
(See the Rudimentary Treatise on that subject.) 

Sometimes it happens that the coefficients of an equation 
are such that the equation would remain substantially unal- 
tered, though the unknown quantity in it were replaced by 
its reciprocal. In fact, the binomial equation ^ -f 1 = is 

of such a form ; because though ~ be put for x, the equation 
preserves the same meaning, for -^ -f 1 = 0, reduces to 



a?" 



1 + af = ; which is the same as the original. In like 

manner ^" — 1 = 0, -- — 1 =0, 1 — «" = 0, — 1 + ^"— 0, 

are all virtually the same. 

1 » 
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Whenever the coefficients of an equation are such, that 
whether taken in order from left to right, or from right to 
left, they give the same series of numbers, the equation vidll 

remain substantially unaltered, though - be put for w; thus 

in the equation 

«* + aar' -f 6^ + a« -h 1 = 0, 

the coefficients in which furnish the same series 1, a, 5, a, 1, 

whether taken from left to right, or from right to left, if - 

at 

be put for x, we shall have 

I a b a ^ ^ 

W^ CD X' X 

that is 1 -f aa? 4- bx -j- ax'' + a:* = 0, 

the same as the original. 

Such equations are called Eeciprocal Equations, and some- 
times Recuning Equations, 

If the signs of the equal coefficients were unlike instead 
of like, and the equation of an even degree — like that above — 
then the middle term (bx'-) must be absent for the equation 
to be a reciprocal equation : for the coefficients in x* + ax^ + 
bx — ax — I = 0, when taken in direct and reverse order 
are 

1, -i-a, +6, -a, - l (1) 

and — 1, — a, + ft, + a, -f 1 ; 

or, multiplying each of the latter by — 1, they are 

1, + a, -5, -a,- 1 (2); 

but the series (1), (2) are not the same unless 6 = 0. And 
such must always be the case when the equation is of an 
even degree, because every such equation, in its complete 
state, consists of an odd number of terms, so that the middle 
coefficient will appear in the two series of coefficients with 
contrary signs, after the signs of the others have been made 
like. 
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But in an equation of an odd degree, where the number 
of terms is always even when none are omitted, it matters 
not whether the equal coefficients have like or unlike signs. 

The following are examples of the solution of reciprocal 
equations. 

1. Let x^ — 3;ir> — 2 x' — 3a? + 1 = 0, 

8 1 

dividing hj x\ x^ — ^x ^ H -f — = ; 

X sr 

that is, ^x^ -f.-^ — sTar-f -) — 2 = (1). 

/ IX'* 1 1 / 1 \* 

or, y- — 3y = 4 ; .-. y = 4, or — 1 ; 
.*. a? H- - = 4, or Of + - = — 1 ; 

X X 

and from these equations we get for x the four values, 

2. Let a?* + 24^ — 3ar» - 3a*^- -f 2a; + 1 = 0. 

It is plain that x ^\ satisfies this equation, so that divi- 
ding by a? — 1, we have 

«* + ar* — 4a?' H- a? -h 1 = ; 
...(^ + ^)+(.+l)_4 = 0; 

— 1 -♦- 5 
.-, jf«+y = 6; .-. y = ~^-=2,or-8; 

.'. a? -f - = 2, or a? -f - = — 8 

X a 
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From the first of these ar*— 2^+1=0, that is {a — 1)' 
= 0; .•. a? = 1, « = 1. 

From the second, x = 7" ^ : hence the five roots 

are 

, , , - 3 -f y/ 6 -3-^5. 
' ' ' "2 ' 2 • 

As, in these examples, every reciprocal equation of an even 
degree (2n) may be solved by equations of the degree n; and 
every reciprocal equation of an odd degree (2n + 1) may also 
be reduced to others of the degree n, for when the degree is 
odd, one root of the equation is always a? = l,ora?= — 1, 
according as its final term, is + 1, or — 1. 

Since not only of = r {r being put for any root) solves the 

1 

reciprocal equation, but' also ^ = -, as already seen, it fol* 

T 

lows that the only differing roots enter in pairsy each pair 
consisting of two roots that are the reciprocals of each other. 
Thus in Example 1, above, 

o_ ,3_ _i • and ^ " ^ ^ - ^ 

14-/3 
so that 2+^3, 2— -v/Sare reciprocals, as also ^^ , 

~ 3 

In like manner in Example 2, a ^^ ^he recipro- 

cal of K^^'' And,omiting the root + 1, or — 1, in an 

equation of an odd degree, we may infer generally that for each 
root there is always another which is the reciprocal of it, and 
which may be paired with it, as above. Hence the propriety 
of calling these equations reciprocal equations. 
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MISCELLANEOUS EXAMPLES. 

PARTLY FROM THE CAYBRIDGE EXAMINATION PAPERS, 1853-54. 

1. Find two numbers in the ratio of 8 : 5, such that their 
product may be 380. Ans. *^4 and 15. 

2. Two persons, A and B, can together perform a piece of 
work in 16 days. They work together for 4 days, when A is 
called ofiF, and B left to finish it, which he does in 36 days 
more. In what time could each separately do the whole ? 

Ans. A in 24 days, B in 48 days 

3. What quadratic equation is that of which the roots are 
3 and 5 ? Ans. x' — 8;i? + 15 = 

4. What value must c have so that the roots of the equa- 
tion ^X' -f 8a? + c = may be equal ? 

Ans. = 8; the roots then being each = — 2 

5. Tf a? be real, prove that a?^ — 8aj -f 22 can never be less 
than 6. 

6. Prove that {a + 6) (ft + c) (a -|* c) must be greater 
than % ahcy unless a, 6, c, are all equal. 

7. How many changes can be rung upon 1 2 bells ? 

Ans. 479,001,600. 

8. How many permutations can be formed out of the letters 
in the word Mississippi. Ans. 34,650 

9. Find the roots of the equation «* -f 1 = 0. 

Ans. — ==^-~ and " . 

n/2 ^2 

10. A and B engaged to reap equal quantities of wheat. 
A began half-an-hour before B, but they both rested from 
12 to 1 o'clock, having finished just half the work. B having 
completed his part of the work, left off at 7 o'clock, but A 
was obliged to remain till i to 10 to complete his part. At 
what hour did A begin ? Ans. \ past 4 in the morning 
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11. A ship, with a crew of 175 men, set sail with water 
enough for the voyage ; but at the end of 30 days the scurvy 
began to carry off 3 men daily, and a storm protracted the 
voyage 3 weeks. But the water still just lasted the voyage. 
Required the time of passage. Ans. 79 days. 

12. Prove that(a^ + yj — [x' 4- y"^ is exactly divisible by 
(a?^ -k- xy + y')\ 

13. How many combinations may be made of 96 things 
out of 100 ? Ans. 3,921,226. 

14. Prove that in a geometrical progression the sum of 
any odd number of terms will always exactly divide the sum 
of their squares. 

15. If the second term of an arithmetical progression be 
a mean proportional between the first and fourth, prove that 
the sixth will be a mean proportional between the fourth and 
ninth. 

16. The fourth term of a geometrical progression is 9, and 
the seventh term 15, find the series. 

, 27 27 75 27 725 ^ ^ 75 



725 



+ 0A/7r + 15 + &c 

17. Insert five geometrical means between 2 and ~. 

,1 11 1 

Ans. -4- 1, — , -T- — , — , -4- — . 
— ' 2' — 4* 8 *" 16 

18. How many terms of the series 9 -f 7 + 5 + Ac. will 
amount to 24 ? Ans. Either/bt^r terms, or dx terms. 

19. How many changes may be rung by 5 bells out of 6 ? 

Ans. 720. 

20. A person engages to entertain 10 friends in parties of 
6 at a time, as many days as it is possible to form different 
combinations of 6. Required the number of days. 

Ans. 210 
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21. GiveD the equations 

aoi Zbv =z r^ [to find expressions for a and y. 

ar' br 

a' + o'* a' + 6~ ^ ' 

ar^ br , • 

22. Show how 

a x^ «* . , J ..«(« + 1) (2* + 1) 

-+ — + -- IS to be converted into — ^^ ^ ' 

6 2 3 6 

23. A person has spirits at a shillings a gallon, and at h 
shillings a gallon, and he wishes to make a mixture of d gal- 
lons that shall be worth c shillings a gallon : how much of 

each must he take? . c — 6 - ,, ^.10 

Ans. r a gallons of the first, 

a — 

a — c 

Td „ „ second 

a — 6 

24. If from a vessel of wine containing a gallons, h gallons 
be drawn off, and the vessel then filled up with water, and if 
this operation be continued, b gallons being drawn off and the 
quantity replaced by water n times successively, what quan- 
tity of wine will remain in the vessel after the wth operation? 

(a — *) » 

Ans. ^^ — J3J-- gallons. 

25. For what value of x does the expression -^ )\ "^ ) 

X 

become the smallest possible ? Ans. a: = ^/ a£. 

20. How many shot are there in a square pile, the number 
in the bottom row being 80? Ans. 9455. 

27» How many shot are there in a triangular pile, the 
number in the bottom row being 80 ? Ans. 4060. 
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oQ n . .v 1 - 2ap»- 60:^^-40: + 12 , 
28. Determine the value of — , when 



« = 2. ^7 

Ans. -. 



af"— }2x -r 16 

Ana. 
6 



29. Determine the value of -., when a? = 0. 

a - V (a" - o!") 

Ans. wa"~*. 

30. Convert the number 1810 into its equivalent in the 
ternary scale of notation. Ans. 2111001. 

31. Into how many different triangles may a polygon of n 
sides be divided by means of diagonds, one side at least of 
the polygon always being a side of a triangle? 

Ans. " (" - ^l (** - h 
6 

32. How many diagonals can be drawn in a polygon of n 

sides? n{n — S) 

Ans. . 

33. A telegraph has 4 arms, and each arm* is capable of 5 
distinct positions ; find the total number of signals which can 
be made with the telegraph. Ans. 1295. 

34. A merchant bought a cask of spirits for 48Z., and sold 
a quantity exceeding three-fourths of the whole by two gallons 
at a profit of 252. per cent. He afterwards sold the remain- 
der at such a price as to clear 602. per cent, by the whole 
transaction ; but if he had sold tha whole quantity at the 
latter price, he would have gained 176/. per cent. How many 
gallons were contained in the cask?* Ans. 120 gallons. 

* This question may be solved by the principles of common arithmetic 
It was proposed a few years ago to Henri Mondeux, " the Shepherd of Ton- 
raine/' a yonth of most remarkable powers of calculation without the aid of 
pen or pencil. The following notice is extracted from " The Mathematician/* 
vol. il p. 218 : — 

*' This wonderful youth having lately visited Jersey to exhibit his extraor- 
dinary powers of mental calculation, the above exercise was proposed to him, 
and a nearly instantaneous answer was given. At the request of Mr. GK)d- 
fray be wrote out his solution, of wbich the following is the translation : — 

** He sells the first portion at a profit of 25Z. per cent., and the last at 
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35. It is required to determine A and B so that the equa 
tiou 

ex -^ d A B 

{x -{• a) \x -r h) a? + a ar -f 6 
maj always be true, whatever be the value of x, 

A= .. 

a — be 
a — ^ 

36. Given the equation 

4a?*-12«» — 85«* + 66a?- 8303 = 
to find X bj quadratics. 

^ 8±V(97±U4V86) 

4 

37. Prove that the two series following are identical, 
namely, 

- f, * nin + i) b^ ^) 

I a-h*^ 1.2 {a + bf J 

where n is any number whatever. 

38. Prove that the following expressions are identical, 
namely, 

(n + l)(n +2) (n + n)=2* x 1.3.5 (2n— l),* 

and thence that the sum of the numerical coefficients in the 

1 75^. per cent, and gains 60/. per cent, on the whole. The first profit is less 

ihflm the mean profit by 85/. per cent., and the second is greater by 116/. 

per cent ; he has therefore sold 115 parts of the first against 85 of the 

115 
second; that is, the first portion sold was the ttt of the whole cask, and the 

85 8 

^^ ^^^ TFK i ^vt the first ^portion was 7 of the cask and 2 gallons more ; 
150 4 

115 28 3 1 
and the difierence between r-=rr or -tt and 7 is t;: ; therefore 2 gallons is the 

lOO 30 4 oO 

-- of the cask ; that is, the cask contained 120 ffallons." 
60 • 
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development of any positive integral power of a binomial, 
that is, 

n(n-l) n(,i_. l)(n-2) , 

is equal to 

(n+ l)(yt + g) (n-f n) 

1.3. 5 (2n— 1) 

( n + l)(n + 3) j n + n) . 

= ^^ ) o / — when n is odd 

1.3.5 n 

(nH-2)(n + 4) {n -h n) , 

= ^ r-ir-i —: Vv when 7i is even. 

1.3 6 (n — 1) 

39. It is required to prove by algebra the principle known 
in arithmetic as ** the method of casting out the nines/* and 
which is employed to test the accuracy of a common multipli- 
cation process. 

40. It is required to prove the following, which has been 
called the Reciprocal Theorem: — 



1\"-- , n(u--3) 
1 .2 



/ l\,"-^ n(n — 4;(w— 5)/ 1 \'»-« 

where n is any positive whole number whatever. 
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Irrationa] quantities, deflnition of, 45. 

Knows quantities, symbol for, 1. 

Like quantities defined, 8. 
Literal coefficients described, 1. 
Logarithms defined, 146; fonnulM, 145; 
examples, 146. 

Maxima and minima, theory of, 168. 

Measure of a quaatity, term defined, 17. 

Measure, common, defined, 17; rules, 
17; examples, 17. 

Minns, algebraic sign for, 1. 

Miscellaneous examides on the first rules, 
12. 

Miscellaneous examples, 181. 

Multiple, term defined, 19. 

B^uUiplication, algebraic sign for, 1; ex- 
amines, 7 ; process (tf, 7 ; general rules 
of, 8 ; illustrative examples, 8. 

Multiidication of fractions : examples, 28. 

Natural numbers, to find the squares of, 

174, 
Negative quantities described, 3. 
Notation, scales of, 165. 
Nimibers, squares of natural, to find the, 

174. 
Numeral coefficient defined, 8. 

Permutations defined, 153 ; formulae, 153 ; 

examples, 156. 
Plus, algebraic sign for, 1. 
Positive quantities described, 8. 
Progression, arithmetical, defined, 115; 

formulae, 115; iUustrative examines, 

186; exercises, 138. 
Proportion defined, 105; examples, 110; 

formuln, 106. 
Proportionals defined, 106. 
Pure quadratics defined, 64. 

Quadratic equations defined. 64; ad- 
fected, defined, 64: formulae, 66; ex- 
amples, 66; exercises, 73. 

Quadratic equations of a higher degree 
made to assume tlie form of pure or 
adfected quadratics, 67 ; examples, 67. 

Quadratics, pure, defined, 64 ; illustrative 
examples, 64 ; exercises, 65. 

Quadratics with two or more unknown 
quantities, 81 : illustrative examples, 81. 

Quadratic problems. 96 ; problems pro- 
ducing equations, 97. 

Quantities, irrational, described, 45. 

Qi.an'ities, known, si^ for, 1; like, de- 
scribed, 3; negative, described, 8; 
positive, defined, 8 ; unknown, sign for, 
1 ; unlike, described, 8. 



Quantity, rational, to make a, assume th« 
form of a surd. 46. 

Ratio, algebraic sign for, 2; term de- 
fincMl, 103; antecedent of the, term 
defined, 103 ; consequent of the, term 
defined, 103 ; formuUs, 103 ; examples, 
110. 

Sational quantity, to make a, assume the 
form of a surd, 46. 

Reciprocal, term defined, 56. 

Reciprocal equations, 177; examples, 
179. 

Root, cube, defined, 39 ; extraction of, 41 ; 
compared with the ordinary arith- 
metical process, 42. 

Root, square, d^ned, 89 ; extraction of, 
40. 

Roots, algebraic sign for, 2; indices, 
described, 2. 

Series, summation of, 174. 

Signs, algebraic, described, 2 ; examples 
of, 2. 

Shot, piling of, 171 ; shape and contents 
of piles OT, 171 ; square pile described, 
171 ; triangular pile described, 171 ; to 
ascertain the contents of a pile of a 
given shape, 171. 

Simple equations, defined, 18; examples 
of, 13; exercises in, 37: illustrative 
examples, 60 ; exercises, 67 ; problems, 
62 ; rules in solving, when involving 
two or more unknown quantities, 64 ; 
examples illustrating the process, 66 ; 
exercises, 69. 

Square root, defined, 39 ; extraetion of, 
40. 

Subtraction: rules, 6; examples, 6; ex- 
amples proved by addition, 6; alge- 
braic sign for, 1 ; adgebraic, examples of 
its use. 5 ; of fractions, examples of, 
27. 

Summation oi series, 174. 

Surds, defined, 46 ; examples of, 46 ; 
method of expressing, 46; to make 
rational quantities take the form of, 46 ; 
examines, 46; method of making a 
binomial surd rational, 48; binomial, 
139: formulas, 139; illustrative exam- 
ples, 140 ; exercises, 142. 

Symbols, algebraic, described, 1. 

Unknown quantities, si^ for, 1. 
Unlike quantities described, 8. 

Vanishing fractions defined, 166; to find 

the value of, 166. 
Variation, defined, 109; formula, 109; 

examples, 110. 



TITS END. 
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No. 

16. ARCHITECTVRE~ORl>ERS~Tht Orders and Iheir .ffisflicHe 

PriDciplei. By W. H. Lseds. Itlustnted. i;. <Sd. 

17. ARCHITECTURE—STYLES— Tbt History and Desniptioo of 

thn Stvlei of Architecture ol Various Countriei, from tfas Earliest la tha 
Pretent Period. By T, Tat.bot Bubv, F.R.J. B.A^ Sc. rilnjtraled, 11. 
•.* Orders and Stylbs oj Architictuih, in One yil., 31. 6d. 

18. ARCHITECTURE— DESIGN— rb& Principles of Desi|a in 

Archileclure, al deducibie from Mature and eiempiified in the Wotlu of Ibe 

GreskaedGelbicArchitecti. DyB. L. Giibett. Architect. Uluilrated. u. 
V Tkt tkrt4 pnading Works, in Onl handsemt Vol., half bound, tnlltlti 
^MODIRN AJ.CHir»CTU«i,"iV.« 6i 
ii. THE AR T OF BUILDING, Rudiments of. General Principles 

of CoDstructioD, Idatenaliuted in Euildinc, Strength and Use of Mftlenali, 

Working Dnmlngs, Specifications, and Eitimales. Bj Edwabd Domoh, 

M.R.I.B.A., &r. lllnstrated. is.iSd. 
JJ. BRICKS AND TILES, Rudiraentair Treatise on the Manufac- 

tnn of; coBta.lninr an Outline nf the Piincipiei of Brickmakine. Bt Edh-. 

DoBSONjM.R.I.B.A. WithAddilionibrC.ToNLissON.F.R.S. Ilfustrated-is. 
!$. MASONRY AND STONBCUTTING, Rudimentary Treatise 

the' Constaiclioo or°cTrMd°WinK-Wallj"]D™M,"bli^o ^nd™ 

M?E.I?B^A., »s. 'lllq>trateS'm"h'piat'« Ind'SjfapiBij.^ is. 6d."" "'"''' 
44. FOUNDATIONS AND CONCRETE »^Oj?A'5', a Rudimenlary 

W^ksTi^h the°^Sk1*Mod«''o/ TrealmeB^rinTpr^i^al Re^aikVon 
Footings, PlankiDg, Sand, Concrete, Bcton, Pile-drivine, Caisioni, ud 
CoSeriUiTig. By K Dobson, M.R.I.B.A., bo, Tbird Edition, TCTiied br 



LOCKWOOD AND CO., 7, STATIONERS' HALI, COURT, E.C 



WEALe's RUDIMfeNTARV SERtES. 



Architecture, Building, etc, continued, 

42. COTTAGE BUILDING; or, Hints for Improdng the Dwellings 
of the Working Classes and the Labouring Poor. By C. Bruce Allen, 
Architect. With Notes and Additions by John Weale and others. Eleventh 
Edition, revised and enlarged. Numerous Illustrations, is. 6d. 

45. LIMES, CEMENTS, MORTARS, CONCRETES, MASTICS, 
PLASTERING, &c., Rudimentary Treatise on. By G. R. Burnell, C.E. 
Ninth Edition, with Appendices, xs. 6d. 

57. WARMING AND VENTILATION, a Rudimentary Treatise 
on ; being a concise Exposition of the General Principles of the Art of Warm- 
ing and ventilating Domestic atid Public Buildings, Mines, Lighthouses, 
Ships, &c. By Charles Tomlinson, F.R.S., &c. Illustrated. 3s. 

8j««. CONSTRUCTION OF DOOR LOCKS, Compiled from the 
Papers of A. C. Hobbs, Esq., of New York, and Edited by Charles Tom- 
linson, F.R.S. To which is added, a Description «3£Fenby*s Patent Locks, 
and a Note upon Iron Safes by Robert Mallet, M.I.C.E. IUus. 2s. 6d. 

III. ARCHES, PIERS, BUTTRESSES, dr»^.; Experimental Essays 
on the Principles of Construction in ; made with a view to their being useful 
to the Practical Builder. By William Bland. Illustrated, is. 6d. 

116. THE ACOUSTICS OF PUBLIC BUILDINGS; or, The 

Principles of the Science of Sound applied to the purposes of the Architect and 
Builder. By T. Roger Smiih, M.K.I. B.A., Architect. Illustrated, is. 6d. 

124. CONSTRUCTION OF ROOFS. Treatise on the, as regards 
Carpentry and Joinery. Deduced from the Works of ROBISON, Price, and 
Tredgold. Illustrated, is. 6d. 

127. ARCHITECTURAL MODELLING IN PAPER, the Art of. 

By T. A. Richardson, Architect. With Illustrations, designed by the 
Author, and engraved by O. Jewitt. is. 6d. 

128. VITRUVIUS—THE ARCHITECTURE OF MARCUS 

VITRUVIUS POLLO. In Ten Books. Translated from the Latin by 
Joseph Gwilt, F.S.A., F.R.A.S. With 23 Plates. 5s. 

130. GRECIAN ARCHITECTURE, An Inquiry into the Principles 
of Beauty in ; with an Historical View of the Rise and Progress of the Art in 
Greece. By the Earl of Aberdeen, is, 

%• The iwo Preceding Works in One handsome VoL, half bound, enfiiUd "Ascmin 

Architecture." Price 6s, 

132. DWELLING-HOUSES, a Rudimentary Treatise on the Erection 
of, Illustrated by a Perspective View, Plans, Elevations, and Sections of a Pair 
of Semi-detached Villas, with the Specification, Quantities, Estimates, &c. 
By S. H. Brooks, Architect. New Edition, with plates. 2s. 6d. 

156. QUANTITIES AND MEASUREMENTS, How to Calculate and 
Take them in Bricklayers', Masons', Plasterers'j Plumbers*, Painters'. Paper- 
bangers', Gilders'. Smiths', Carpenters'^nd Joiners* Work. With Rules for 
Abstracting and Hints for Preparing a Bill of Quantities, &c., &c. By A. C. 
Beaton, Architect and Surveyor. New and Enlarged Edition, lllus. is. 6d. 

175. THE BUILDER'S AND CONTRACTOR'S PRICE BOOK 
(LocKwooD & Co.'s), with which is incorporated "Atchley's Builder's 
Price Book." and the "Illustrated Price Book," published annually, 
containing tne present Prices of all kinds of Builders' Materials and Labour, 
and of all Trades connected with Building: Memoranda and Tables required 
in making Estimates and taking out Quantities, 8cc. With 5 Plates, con- 
taining Plans, &c., of Villas, and Specincation. 3s. 6d. 

182. CARPENTRY AND yOINERY—T^Js. Elementary Prin- 
ciples dv Carpentry. Chiefly composed from the Standard Work of 
Thomas Tredgold, C.E. With Additions from the Works of the most 
Recent Authorities, and a TREATISE ON JOINERY by E. Wyndham 
Tarn, M.A. Numerous Illustrations. 3s. 6d. 

182*. CARPENTRY AND JOINERY, ATLAS of 35 Plates to 
accompany the foregoing book. With Descriptive Letterpress. 4to. 6s. 

LONDON: LOCKWOOD AND CO., 
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CIVIL ENGINEERING, ETC. 

13. CIVIL ENGINEERING, the Rudiments of; for the Use of 
Beginners, for Practical Engineers, and for the hrcay and Navy. By Henry 
Law, C.£. Including a Section on Hydraulic Engineering, by George R.- 
BuRNELL, C.E. 5th Edition, with Notes and Illustrations by Robert 
Mallet, A.M., F.R.S. Illustrated with Plates and Diagrams. 5s. 

29. THE DRAINAGE OF DISTRICTS AND LANDS. By G. 

Drysdalb Dbmpsby, C.E. New Edition, revised and enlarged. Illustrated. 
IS. Cd. 

30. THE DRAINAGE OF TOWNS AND BUILDINGS. By 

G. Drysdalb Dbmpsby, C.£. New Edition. Illustrated. 2s. 6d. 
%• With " Drainage of Disiricis and Lands" in One Vo/., 3*. 6d. 

31. WELL-DIGGING, BORING, AND PUMP^WORK, By 

John George Swindell, Assoc. R.I.B.A. New Edition, revised by G. R. 
Burnbll, C.E. Illustrated, xs. 6d. 

35. THE BLASTING AND QUARRYING OF STONE, Rudi- 
mentary Treatise on ; for Building and other Purposes, with the Con- 
stituents and Analyses of Granite, Slate, Limestone, and Sandstone : to 
which is added some Remarks on the Blowing up of Bridges. By Gen. Sir 
John Burgoynb, Bart., K.C.B. Illustrated, is. 6d. 

43. TUBULAR AND OTHER IRON GIRDER BRIDGES. 
Particularly describing the Britannla and Conway Tubular Bridges. 
With a Sketch of Iron Bridges, and Illustrations of the Application of 
Malleable Iron to the Art of Bridge Building. By G. D. Dempsey, C.E., 
Author of " The Practical Railway Engineer, &c., &c. New Edition, with 
Illustrations, is. 6d. 

46. CONSTRUCTING AND REPAIRING COMMON ROADS, 
Papers on the Art of. Containing a Survey of the Metropolitan Roads, by 
S. Hughes, C.E. ; The Art of Constructing Common Roads, by Henry 
Law. C.E. ; Remarks on the Maintenance of Macadamised Roads, by 
Field-Marshal Sir Tohn F. Burgoynb, Bart., G.C.B., Royal Engineers, 
&c., &c. Illustratea. is. 6d. 

62. RAILWAY CONSTRUCTION, Elementary and Practical In- 
struction on the Science of. By Sir Macdonald Stephenson, C.E., 
Managing Director of the East India Railway Company. New Edition, 
revised and enlarged by Edward Nugent, C.E. Plates and numerous 
Woodcuts. 3s. 

C2». RAILWAYS; their Capital and Dividends. With Statistics of 
their Working in Great Britain, &c., &c. By £. D. Chattaway. is* 
%* 62 and 62*, in One Vol., 3*. 6d. 

8o». EMBANKING LANDS FROM THE SEA, the Practice of. 

Treated as a Means of Profitable Employment for Capital. With Examples 
and Particulars of actual Embankments, and also Practical Remarks on the 
Repair of old Sea Walls. By John Wiggins, F.G.S. New Edition, with 
Notes by Robert Mallet, F.R.S. 2s. 

81. WATER WORKS, for the Supply of Cities and Towns. With 
a Description of the Principal Geological Formations of England as in- 
fluencing Supplies of Water ; and Details of Ei^nes and Pumping Machinery 
for raising Water. By Samuel Hughes, F.G.S., C.E. New Edition, 
revised and enlarged, with numerous Illustrations. 4s. 

82«*. GAS WORKS, and the Practice of Manufacturing and Distributing 
Coal Gas. By Samuel Hughes, C.E. New Edition, revised by W. 
Richards, C.E. Illustrated. 3s. 6d. 

117. SUBTERRANEOUS SURVEYING; an Elementary and Prac- 

tical Treatise on. By Thomas Fenwick. Also the Method of Conducting 
Subterraneous Surveys without the Use of the Magnetic Needle, and other 
modem Improvements. By Thomas Baker, C.E. Illustrated. 2s. 6d. 

118. CIVIL ENGINEERING IN NORTH AMERICA, a Sketch 

of. By David Stevenson, F.R.S.E., «cc. Plates and Diagrams. 3s. 
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civil Engineering, etc., continued, 

120. HYDRAULIC ENGINEERING, the Rudiments of. By G. 
K.. BuRNELL, C.B., F.G.S. Illustrated. 3s. 

Ul. RIVERS AND TORRENTS, With the Method of Regulating 

their Courses and Channels. By Professor Paul Frisi, F.R.S., of Milan. 
To which is added, AN ESSAY ON NAVIGABLE CANALS. Translated 
\>j Major-Geaeral John Gabstiv, of the Bengal Engineers. Plates, as. 6d. 



MECHANICAL ENGINEERING, ETC. 

33. CRANES, the Construction of, and other Machinery for Raising 

Heavy Bodies for the Erection of Buildings, and for Hoisting Goods. By 
Joseph Glynn, F.R.S., Sec. Illustrated, is. 6d. 

34. THE STEAM ENGINE, a Rudimentary Treatise on. By Dr. 

Lakdner. . Illustrated, xs. 

59. STEAM BOILERS : Their Construction and Management. By 
R. Armstrong, C.E. Illustrated, is. 6d. 

63. AGRICULTURAL ENGINEERING : Farm Buildings, Motive 
Power, Field Machines, Machinery, and Implements. By G. H. Andrews, 
C.E. Illustrated. 35. 

67. CLOCKS, WATCHES, AND BELLS, a Rudimentary Treatise 
on. By Sir Edmund Beckett (late Edmund Beckett Dbnison, LL.D., Q.C.) 

\* A New, Revised, and considerably Enlarged Edition of the above Standard 
Treatise, with very numerous Illustratiotis, is now ready, price 4^. 6d^ 

77*. THE ECONOMY OF FUEL, particularly with Referwice to 
Reverbatory Furnaces for the Manufacture of Iron, and to Steam Boilers. 
By T. Symes Pridbaux. xs. 6d. 

82. THE POWER OF WATER, as applied to drive Flour Mills, 
and to give motion to Turbines and other Hydrostatic Engines. By Joseph 
Glynn, F.R.S., &c. New Edition, Illustrated, as. 

98. PRACTICAL MECHANISM, the Elements of; and Machine 
Tools. By T. Baker. C.E. With Remarks on Tools and Machinery, by 
J. Nasmyth, C.E. Plates, ss. 6d. 

114. MACHINERY, 'Eltm.tniajryVnn.cvples of, in its Construction and 

Working. Illustrated by numerous Examples of Modem Machinery for 
different Branches of Manufacture. By C. D. Abel, C.E. xs. 6d. 

115. ATLAS OF PLATES. Illustrating the above Treatise. By 

C. D. Abel, C.E. 7s. 6d. 

125. THE COMBUSTION OF COAL AND THE PREVENTION 
OF SMOKE, Chemically and Practically Considered. With an Appendix. 
By C. Wye Willl^ms, A.I.C.E. Plates. 3s. 

139. THE STEAM ENGINE, a Treatise on the Mathematical Theory 
of, with Rules at length, and Examples for the Use of Practical Men. By 
T. Baker, C.E. Illustrated, is. 

162. THE BRASS FOUNDER'S MANUAL; Instructions for 
Modelling, Pattern-Making, Moulding, Turning, Filing, Burnishing, 
Bronzing, &c. With copious Receipts, numerous Tables, and Notes on Prime 
Costs and Estimates. By Walter Graham. Illustrated, as. 6d. 

164. MODERN WORKSHOP PRACTICE, as applied to Marine, 

Land, and Locomotive Engines, Floating Docks, Dredging Machines, 
Bridges, Cranes, Ship -building, &c., &c. By J. G. Winton. Illustrated. 3s. 

165. IRON AND HEAT, exhibiting the Principles concerned in the 

Construction of Iron Beams, Pillars, and Bridge Girders, and the Action of 
Heat in the Smelting Furnace. By J. Armour, C.E. Numerous Woodcuts. 
2s. 6d. 

LONDON : LOCKWOOD AND CO., 
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Mechanical Engineering, etc., continued, * 

i66. POWER IN MOTION: Horse-Power, Motion, Toothed-Wheel 
Gearing, Long and Short Driving Bands, Angular Forces. By James 
Armous, C.E. With 73 Diagrams, as. 6d. 

167. THE APPLICATION OF IRON TO THE CONSTRUCTION 
OF BRIDGES, GIRDERS, ROOFS, AND OTHfiR WORKS. Showin* 
the Principles upon which such Structures are designed^ and their Practical 
Application. By Francis Campin, C.E. Numerous Woodcuts, as. 

I 171. THE WORKMAN'S MANUAL OF ENGINEERING 

L DRAWING. 

Drawinr '^ 
' South 




SHIPBUILDING, NAVIGATION, MARINE 

ENGINEERING, ETC. 

51. NAVAL ARCHITECTURE, the Rudiments of; or, an Exposi- 
tion of the Elementary Principles of the Science, and their Practical Appli- 
cation to Naval Construction. Compiled for Uie Use of Beginners. By 
Jambs Pbakb, School of Naval Architecture, H.M. Dockyard, Portsmouth. 
Third Edition, corrected, with Plates and Diagrams. 3s. 6d. 

53*. SHIPS FOR OCEAN AND RIVER SERVICE, Elementary 
and Practical Principles of the Construction of. By Hakon A. Somuer- 
FSLDT, Surveyor of the Royal Norwegian Navy. With an Appendix, is. 

53**. AN ATLAS OFENGRA VINGS to Illustrate the above. Twelve 
large folding plates. Royal 4to, cloth. 7s. 6d. 

54. MASTING, MAST-MAKING, AND RIGGING OF SHIPS, 

Rudimentarv Treatise on. Also Tables of Spars, Rigging, Blocks : Chain, 
Wire, and Hemp Ropes, &c., relative to every class of vessels. Together 
with an Api>endiz of Dimensions of Masts and Yards of the Royal Navy of 
Great Britain and Ireland. By Robert Kipping, N.A. Thirteenth Edition. 
Illustrated, is. 6d. 

54*, IRON SHIP-BUILDING, With Practical Examples and Details 
for the Use of Ship Owners and Ship Builders. By John Grantham, Con- 
sulting Engineer and Naval Architect. Fifth Edition, with important Addi- 
tions. 4s. 

54*». AN ATLAS OF FORTY PLATES to Illustrate the above. 
Fifth Edition. Including the latest Examples, such as H.M. Steam Frigates 
"Warrior," "Hercules,^' " Bellerophon ; " H.M. Troop Ship "Serapis," 
Iron Floating Dock, 8cc., &c. 4to, boards. 38s. 

55. THE SAILOR'S SEA BOOK: A Rudimentary Treatise on 

Navigation. I. How to Keep the Log and Work it off. II. On Finding the 
Latitude and Longitude. By James Greenwood, B.A., of Tesus College, 
Cambridge. To which are added. Directions for Great Circle Sailing ; an 
Essay on the Law of Storms and Variable Winds ; and Explanations ol- 
Terms used in Ship-building. Ninth Edition, with several Engravings and 
Coloured Illustrations of the Flags of Maritime Nations. 2s. 

80. MARINE ENGINES, AND STEAM VESSELS, a Treatise 
^ on. Together with Practical Remarks on the Screw and Propelling Power, 

as used in the Royal and Merchant Navy. By Robert Murray, C.E., 
Engineer-Surveyor to the Board of Trade. With a Glossary of Technical 
Terms, and their Equivalents in French, German, and Spanish. Fifth Edition, 
revised and enlarged. Illustrated. 3s. 

835/j. THE FORMS OF SHIPS AND BOATS: Hints, Experiment- 
ally Derived, on some of the Principles regulating Ship-building. By W. 
Bland. Sixth Edition, revised, with numerous Illustrations and Models, is. 6d. 

99. NAVIGATION AND NAUTICAL ASTRONOMY, in Theory 
and Practice. With Attempts to facilitate the Finding of the Time and the 
Longitude at Sea. By J. R. Young, formerly Professor of Mathematics in 
Belmst College. Illustrated. 2s. 6d. 
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Shipbuilding, Navigation, etc., continued, 

100*. TABLES intended to facilitate the Operations of Navigation and 
Nautical Astronomy, as an Accompaniment to the above Book. By J. R. 
Young, is. 6d. 

106. SHIPS* ANCHORS, a Treatise on. By George Cotsell, 

N.A. Illustrated, is. 6d. 

149. SAILS AND SAIL-MAKING, an Elementary Treatise on. 
With Draughting, and the Centre of Effort of the Sails. Also, Weights 
and Sizes of Ropes ; Masting, Rigging, and Sails of Steam Vessels, 8cc., &c. 
Ninth Edition, enlarged, with an Appendix. By Robert Kipping, N.A., 
Sailmaker, Quayside, Newcastle. Illustrated. 2s. 6d. 

155. THE ENGINEER'S GUIDE TO THE ROYAL AND 
MERCANTILE NAVIES. By a Practical Engineer. Revised by D. 
F* McCarthy, late of the Ordnani^ Survey Office, Southampton, 3s. 



PHYSICAL SCIENCE, NATURAL PHILO- 
SOPHY, ETC. 

1. CHEMISTRY, for the Use of Beginners. By Professor George 

FowNES, F.R.S. With an Appendix, on the App^cation of Chemistry to 
Agriculture, is. 

2. NATURAL PHILOSOPHY, Introduction to the Study of; for 

the Use of Beginners. By C. Tomlinson, Lecturer on Natural Science in 
King's College School, London. Woodcuts, is. 6d. 

4. MINERALOGY, Rudiments of; a concise View of the Properties 
of Minerals. By A. Ramsey, Jun. Woodcuts and Steel Plates. 3s. 

6. MECHANICS, Rudimentary Treatise on; Being a concise Ex- 

position of the General Principles of Mechanical Science) and their Applica- 
tions. By Charles Tomlinson, Lecturer on Natural Science in Icing's 
College School, London. Illustrated, is. 6d. 

7. ELECTRICITY; showing the General Principles of Electrical 

Science, and the purposes to which it has been applied. By Sir W. Snow 
Harris, F.R.S., &c. With considerable Additions by R. Sabinb, C.E., 
F.S.A. Woodcuts. IS. 6d. 
7*. GALVANISM, Rudimentary Treatise on, and the General Prin- 
ciples of Animal and Voltaic Electricity. By Sir W. Snow Harris. New 
Eaition, revised, with considerable Additions, by Robert Sabine, C.E., 
F.S.A, Woodcuts. IS. 6d. 

8. MAGNETISM; being a concise Exposition of the General Prin- 

ciples of Ma^etical Science, and the Purposes to which it has been applied. 
By Sir W. Snow Harris. New Edition, revised and enlarged by ±1. M, 
NoAD, Ph.D., Vice-President of the Chemical Society, Author of "A 
Manual of Electricity," &c., 8cc. With 165 Wooocuts. 3s. 6d. 

11. THE ELECTRIC TELEGRAPH; its History and Progress; 

with Descriptions of some of the Apparatus. By R. Sabine, C.E., F.S.A., &c. 
Woodcuts. 3s . 

12. PNEUMATICS, for the Use of Beginners. By Charles 

Tomlinson. Illustrated, is. 6d. 

72. MANUAL OF THE MOLLUSCA ; a Treatise on Recent and 
Fossil Shells. By Dr. S. P. Woodward, A.L.S. With Appendix by 
Ralph Tate, A.L.S., F.G.S. With numerous Plates and 300 Woodcuts, 
6s. 6d. Cloth boards, 7s. 6d. 

79* *. PHOTOGRAPHY, Popular Treatise on; with a Description of 
the Stereoscope, &c. Translated from the French of D. Van Monckhoven, 
by W. H. Thornthwaite, Ph.D. Woodcuts, is. 6d. 

96. ASTRONOMY, By the Rev. R. Main, M.A., F.R.S., &c. 
New and enlarged Edition, with an Appendix on " Spectrum Analysis." 
Woodcuts. IS. 6d. 
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Physical Science, Natural Philosophy, etc., continued, 

97. STATICS AND DYNAMICS, the Principles and Practice of; 
embracine also a clear development of Hj'drostatics, Hydrodynamics, and 
Central Forces. By T. Baker, C.E. is. 6d. 

138. TELEGRAPH, Handbook of the; a Manual of Telegraphy, 
Telegraph Clerks' Remembrancer, and Guide to Candidates for Emplo}*- 
ment in the Telegraph Service. By R. Bond. Fourth Edition, revised and 
enlarged : to which is appended, QUESTIONS on MAGNETISM, ELEC- 
TRICITY, and PRACTICAL TELEGRAPHY, for the Use of Students, 
by W. McGregor, First Assistant Superintendent, Indian Gov, Telegraphs. 
Woodcuts. 3s. 

143. EXPERIMENTAL ESSAYS, By Charles Tomlinson. 

I. On the Motions of Camphor on Water. II. On the Motion of Camphor 
towards the Light. III. History of the Modem Theory of Dew. Woodcuts, is. 

173. PHYSICAL GEOLOGY, partly based on Major-General Port- 

lock's " Rudiments of Geology." By Ralph Tate, A.L.S., &c. Numerous 
Woodcuts. 2S. 

174. HISTORICAL GEOLOGY, partly based on Major-General 

PoRTLOCK*s " Rudiments." By Ralph Tate, A.L.S., &c. Woodcuts. 2s. 6d. 

173 RUDIMENTARY TREATISE ON GEOLOGY, Physical and 
^ Historical. Partly based on Major-General Portlock's ** Rudiments of 
J - - Geology." By Ralph Tate, A.L.S., F.G.S., 8tc., &c. Numerous Illustra- 
'^' tions. In One Volume. 4s. 6d. 

183. ANIMAL PHYSICS, Handbook of. By DiONYSius Lardner, 
^ D.C.L., formerly Professor of Natural Philosophy and Astronomy in Uni- 
- versitv College, London. With 520 Illustrations. In One Volume, cloth 

Io4« boards. 7s. 6d. 



» • 



Sold also in Two Paris, as follows : — 



183. Animal Physics. By Dr. Lardner. Part L, Chapter I— VIT. 4s. 

284. Animal Physics. By Dr. Lardner. Part II. Chapter VIII— XVllI. 3s. 



MINING, METALLURGY, ETC. 

117. SUBTERRANEOUS SURVEYING, Elementary and Practical 
Treatise on, with and without the Magnetic Needle. By Thomas Fenwick, 
Surveyor of Mines, and Thomas Baker, C.E. Illustrated. 2s. 6d. 

133. METALLURGY OF COPPER ; an Introduction to the Methods 

of Seeking, Mining, and Assaying Copper, and Manufacturing its Alloys. 
By Robert H. Lamborn, Ph.D. Woodcuts. 2s. 

134. METALLURGY OF SILVER AND LEAD, A Description 

of the Ores ; their Assay and Treatment, and valuable Constituents. By Dr. 
R. H. Lamborn. Woodcuts. 2s. 

135. ELECTRO-METALLURGY; Practically Treated. By Alex- 

ANDER Watt, F.R.S.S.A. New Edition. Woodcuts, 2s. 

172. MURING TOOLS, Manual of. For the Use of Mine Managers, 
Agents, Students, &c. Comprising Observations on the Materials from, and 
Processes by which, thcy^ are manufactured ; their Special Uses, Applica- 
tions, Qualities, and Efficiency. By William Morgans, Lecturer on Mining 
at the Bristol School of Mines. 2s. 6d. 

172*. MINING TOOLS, ATLAS of Engravings to Illustrate the 
above, containing 235 Illustrations of Mining Tools, drawn to Scale. 4to. 
4s. 6d. 

176. METALLURGY OF IRON, a Treatise on the. Containing 
Outlines of the History of Iron Manufacture, Methods of Assay, and Analyses 
of Iron Ores, Processes of Manufacture of Iron and Steel, &c. By H. 
Bauerman, F.G.S.. Associate of the Royal School of Mines. Fourth 
Edition, revised ana enlarged, with numerous Illustrations. 4s. 6d. 

7, STATIONERS' HALL COURT, LUDGATE HILL, E.C. 
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Mining, Metallurgy, etc., continued. 

1 80. COAL AND COAL MINING: A Rudimentary Treatise on. 
By Warington W. Smyth. M.A., F.R.S., &c.. Chief Inspector of the 
Mines of the Crown and of the Duchy of Cornwall. Second Edition, revised 
and corrected. With numerons Illttstrations. 3s. 6d. 



EMIGRATION. 



154. GENERAL HINTS TO EMIGRANTS, Containing Notices 
of the various Fields for EmiCTation. With Hints on Preparation for 
Emigrating, Outfits, &c., &c. With Directions and Recipes useful to the 
Emigrant. With a Map of the World, ss. 

157. THE EMIGRANTS GUIDE TO NATAL, By Robert 
James Mann, F.R.A.S., F.M.S. Second Edition, carefully corrected to 
the present Date. Map. ss. 

159. THE EMIGRANTS GUIDE TO AUSTRALIA, New South 

Wales, Western Australia, South Australia, Victoria, and Queensland, By 
the Rev. Jambs Baird, B.A. Map. 2s. 6d!. 

160. THE EMIGRANTS GUIDE TO TASMANIA and NEW 

ZEALAND. By the Rev. James Baird, B.A. With a Map. 2s. 

\S<)&cTHE EMIGRANTS GUIDE TO AUSTRALASIA, By the 
160. Rev. J. Baird, B.A. Comprising the above two volumes, x2mo, cloth boards. 
With Maps of Australia and New Zealand. 5s. 



AGRICULTURE. 

29. THE DRAINAGE OF DISTRICTS AND LANDS, By 

G. Drysdalb Dkmpsby, C.E. Illustrated, is. 6d. 
%♦ Wt'ih " Drainage of Towns and Buildings," in One Vol., 3*. 

63. AGRICULTURAL ENGINEERING: Farm Buildings, Motive 
Powers and Machinery of the Steading, Field Machines, and Implements. 
By G. H. Andrews, C.E. Illustrated. 3s. 

66. CLAY LANDS AND LOAMY SOILS. By Professor 

Donaldson, is. 

131. MILLER'S, MERCHANTS, AND FARMER'S READY 
RECKONER, for ascertaining at sight the value of any quantity of Com, 
from One Bushel to One Hundred Quarters, at any given price, from j^x to 
£$ per quarter. Together with the approximate values of Millstones and 
Millwork, &c. IS. 

140. SOILS, MANURES, AND CROPS (Vol. i. Outlines of 

Modern Farming.) By R. Scott Burn. Woodcuts. 2S. 

141. FARMING AND FARMING ECONOMY, Notes, Historical 

and Practical on. (Vol. 2. Outunes op Modern Farming.) By R. Scott 
Burn. Woodcuts. 3s, 

142. STOCK; CATTLE, SHEEP, AND HORSES, (Vol. 3. 

Outlines of Modern Farming.) By R. Scott Burn. Woodcuts. 2s. 6d. 

145. DAIRY, PIGS, AND POULTRY, Management of the. By 

R. Scott Burn. With Notes on the Diseases of Stock. (Vol. 4. Outlines 
OF Modern Farming.) Woodcuts. 2St 

146. UTILIZATION OF SEWAGE, IRRIGATION, AND 

RECLAMATION OF WASTE LAND. (Vol. 5. Outunes of Modern 
Farming.) By R. Scott Burn. Woodcuts. 2s. 6d. 

♦«» Nos. 140-1-2-5-6, in One Vol., handsomely half-bound, entitled "Outlines op 
Modern Farming.*' By Robert Scott Burn. Price 12s. 

17, FRUIT TREES; The Scientific and Profitable Culture of. From 
the French of Du Brbuil, Revised by Geo. Glenny. 187 Woodcuts. 3s. 6d. 
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FINE ARTS. 

20. PERSPECTIVE FOR BEGINNERS, Adapted to Young 
Students and Amateurs in Architecture, Painting, &c. B}' George Pyne, 
Artist. Woodcuts. 2S. 

27. A GRAMMAR OF COLOURING, appHcable to House Paint- 
ing. Decorative Architecture, and the Arts, for the Use of Practical Painters 
and Decorators. By Grorgb Field, Author of " Chromatics ; or, The Ana- 
logy, Harmony, and Philosophy of Colours," &c. Coloured Illustrations. 2s. 

40. GLASS STAINING; or, Painting on Glass, The Art of. Com- 

prising Directions for Preparing the Pigments and Fluxes, laying them upon 
the Glass, and Firing or Burning in the Colours. From the German of Dr. 
Gessert. To which is added, an Appendix on The Art of Enamelling, 

&C. IS. 

41. PAINTING ON GLASS, The Art of. From the German of 

Emanuel Otto Fromberg. is. 

69. MUSIC, A Rudimentary and Practical Treatise on. With 
numerous Examples. By Charles Child Spevcer. 2s. 

71. PIANOFORTE, The Art of Playing the. With numerous Exer- 
cises and Lessons. Written and Selected from the Best Masters, by Charles 
^!hil.d Spencer is 

181. PAINTING POPULARLY EXPLAINED, including Fresco, 
Oil, Mosaic, Water Colour, Water-Glass, Tempera, Encaustic, Miniature. 
Painting on Ivory, Vellum, Pottery, Enamel, Glass, &c. With Historical 
Sketches of the Progress of the Art by Thomas John Gullick, assisted by 
John Times, F.S.A. Third Edition, revised and enlarged, with Frontispiece 
and Vignette. 5s. 



ARITHMETIC, GEOMETRY, MATHEMATICS, 

ETC. 

32. MATHEMATICAL INSTRUMENTS, a Treatise on; in which 

their Construction, and the Methods of Testing, AdjustinGC, and Using them 

are concisely Explained. B^ J. F. Heather, M J^., of the Royal Military 

Academv, Woolwich. Original Edition, in z vol.. Illustrated, xs. 6d. 

*,* In ordering ike above, be careful to say^ "Original Edition" or give the number 

in the Series (32) to distinguish it from the Enlarged Edition in 3 vols, 

(Nos. 168-9-70). 

60. LAND AND ENGINEERING SURVEYING, a Treatise on; 
with all the Modem Improvements. Arranged for the Use of Schools and 
Private Students ; also for Practical Land Surveyors and Engineers. By 
T. Baker, C.E. New Edition, revised by Edward Nugent, C.E. Illustrated 
with Plates and Diagrams. 2s. 
61 ♦. READY RECKONER FOR* THE ADMEASUREMENT 
OF LAND. By Abraham Arman, Schoolmaster, Thurleigh, Beds. To 
which is added a Table, showings the Price of Work, from 2s. 6d. to j^x per 
acre, and Tables for the Valuation of Land, from xs. to jC^yOoo per acre, and 
from one pole to two thousand acres in extent, &c., &c. xs. 6d. 

76. DESCRIPTIVE GEOMETRY, an Elementary Treatise on; 
with a Theory of Shadows and of Perspective, extracted nom the French of 
G. Monge. To which is added, a descnption of the Principles and Practice 
of Isometrical Projection; the whole being intended as an introduction to the 
Application of Descriptive Geometry to various branches of the Arts. By 
J. F. Heather, M.A. Illustrated with X4 Plates. 2s. 
178. PRACTICAL PLANE GEOMETRY: giving the Simplest 
Modes of Constructing Figures contained in one Plane and Geometrical Con- 
struction of the Ground. By J. F. Heather, M.A. With 215 Woodcuts. 2s. 
11^^, PROJECTION : Orthographic, Topographic, and Perspective: 
pnving the various Modes of Delineating Solid Forms by Constructions on a 
Single Plane Surface. By T. F. Heather, M.A. [/« preparation, 

*^ ^The above three volumes will form a CovivutTE Elementary Course of 

Mathematical Drawing. 

7, STATIONERS' HALL COURT, LUDOATE HILL, E.C, 
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Arithmetic, Geometry, Mathematics, etc., continued, 

83. COMMERCIAL BOOK-KEEPING, With Commercial Phrases 

and Forms in English, French, Italian, and German. By Tames Haddon, 
M.A., Arithmetical Master of King's College School, London, xs. 

84. ARITHMETIC, a Rudimentary Treatise on: with full Explana- 

tions of its Theoretical Principles, and numerous Examples for Practice. For 
the Use of Schools and for Self- Instruction. By J. R. Young, late Professor 
of Mathematics in Belfast College. New Edition, with Indezt zs. 6d. 

84* A Key to the above, containing Solutions in full to the Exercises, together 
with Comments, Explanations, and Improved Processes, for the Use of 
Teachers and Unassisted Learners. By J. R. Young, xs. 6d. 

85. EQUA TIONAL ARITHMETIC, applied to Questions of Interest, 
85*. Annuities, Life Assurance, and General Commerce ; with various Tables by 

which all Calculations may be greatly facilitated. By W. Hipsley. In Two 
Parts, xs. each ; or in One Vol. 2s. 

86. ALGEBRA, the Elements of. By James Haddon, M.A., 

Second Mathematical Master of King's College School. With Appendix, 
containing miscellaneous Investigations, and a Collection of Problems in 
various parts of Algebra. 2S. 

86* A Key and Companion to the above Book, forming an extensive repository of 
Solved Examples and Problems in Illustration of the various Expedients 
necessary in Algebraical Operations. Especially adapted for Self-Instruc- 
tion. By J. R. Young, xs. 6d. 

88. EUCLID, The Elements of : with many additional Propositions 
80, and Explanatory Notes : to which is prefixed, an Introductory Essay on 
Logic. By Henry Law, C.E. 2s. 6d. 

•»• Sold also separately, viz. : — 

88. Euclid, The First Three Books. By Henry Law, C.£. is. 

89. Euclid, Books 4, 5, 6, 11, 12. By Henry Law, C.E. xs. 6d. 

90. ANALYTICAL GEOMETRY AND CONICAL SECTIONS, 

a Rudimentary Treatise on. By Jambs Hann, late Mathematical Master of 
King's College School, London. A New Edition, re- written and enlarged 
by J. R. Young, formerly Professor of Mathematics at Belfast College. 2S. 

91. PLANE TRIGONOMETRY, the Elements of. By James 

Hann, formerly Mathematical Master of King's College, London, xs. 

92. SPHERICAL TRIGONOMETRY, the Elements of. By James 

Hann. Revised by Charles H. Dowung, C.E. xs. 
%• Or with " The Elements of Plane Trigonometry,'^ in One Volume, 2S, 

93. MENSURATION AND MEASURING, for Students and Prac- 

tical Use. With the Mensuration and Levelling of Land for the Purposes of 
Modem Engineering. By T. Baker, C.E. New Edition, with Corrections 
and Additions by E. Nugent, C.E. Illustrated, is. 6d. 

94. LOGARITHMS, a Treatise on; with Mathematical Tables for 

facilitating Astronomical, Nautical, Trigonometrical, and Logarithmic Calcu- 
lations ; Tables of Natural Sines and Tangents and Natural Cosines. By 
Henry Law, C.E. Illustrated. 2s. 6d. *^ 

loi*. MEASURES, WEIGHTS, AND MONEYS OF ALL NA- 
TIONS, and an Analysis of the Christian, Hebrew, and Mahometan 
Calendars. By W. S. B. Woolhousb, F.R.A.S., &c. xs. 6d. 

102. INTEGRAL CALCULUS, Rudimentary Treatise on the. By 

HoMERSHAM Cox, B.A. Illustrated, xs. 

103. INTEGRAL CALCULUS, Examples on the. By James Hann, 

late of King's College, London. Illustrated, is. 
101. DIFFERENTIAL CALCULUS, Examples of the. By W. S. B. 
Woolhousb, F.R.A.S., &c. is. 6d. 

104. DIFFERENTIAL CALCULUS, Examples and Solutions of the. 

By James Haddon, M.A. xs. 6d. 

LONDON : LOCKWOOD AND CO., 
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Arithmetic, Geometry, Mathematics, etc., continued, 
105. MNEMONICAL LESSONS, — Geometry, Algebra, and 

Trigonometry, in Easy Mnemonical Lessons. By the Rev. Thomas 
Penyngton Kirkman, M.A. is. 6d. 

136. ARITHMETIC, Rudimentary, for the Use of Schools and Self- 

Instruction. By Jamss Haddon, M.A. ^Revised by Abraham Arman. 
IS. 6d. 

137. A Key to Haddon's Rudimentary Arithmetic. By A. Arman. is. 6d. 

147. ARITHMETIC, Stepping- Stone to; Being a Complete Course 

of Exercises in the First Four Rules (Simple and Compound), on an entirely 
new principle. For the Use of Elementary Schools of every Grade. Intended 
as an Introduction to the more extended works on Arithmetic. By Abraham 
Arman. is. 

148. A Key to Stepping-Stonb to Arithmetic. By A. Arman. is. 

158. THE SLIDE RULE, AND HOW TO USE IT; Containing 
. full, easy, and simple Instructions to perform all Business Calculations with 
unexampled rapidity and accuracy. By Charles Hoare, C.E. With a 
Slide Rule in tuck of cover. 3s. 

1G8. DRAWING AND MEASURING INSTRUMENTS. Includ- 

ing — I. Instruments employed in Greometrical and Mechanical Drawing, 
and in the Construction, Copying, and Measurement of Maps and Plans. 
II. Instruments Used for the purposes of Accurate Measurement, and for 
Arithmetical Computations. By J. F. Heather^ M.A., late of the Royal 
Military Academy. "Woolwich, Author of " Descriptive Geometry," &c., &c. 
Illustrated, xs. 6a. 

169. OPTICAL INSTRUMENTS. Including (more especially) Tele- 

scopes, Microscopes, and Apparatus for producing copies of Maps and Plans 
by Photography. By J. F. Heather, M.A. Illustrated, is. 6d. 

i;o. SURVEYING AND ASTRONOMICAL INSTRUMENTS, 
Including — ^I. Instruments Used for Determining the Geometrical Features 
of a portion of Ground. II. Instruments Employed in Astronomical Observa- 
tions. By J. F. Heather, M.A. Illustrated, zs. 6d. 

%• The above three volumes form an enlargement 0/ the Author's original work. 
" Mathematical Instruments: their Construction^ Adjustment^ Testing^ andUse^ 
the Eleventh Edition of which is on sale, price is. 6d, (See No, 32 in the Series.) 

^Gi.^ MATHEMATICAL INSTRUMENTS, By J. F. Heather, 

169. r M.A. Enlarged Edition, for the most part entirely re-wntten. The 3 Parts as 
^^o.) above, in One thick Volume. With numerous Illustrations. Cloth boaids. 5s. 



LEGAL TREATISES. 

50. 7HE LAW OF CONTRACTS FOR WORKS AND SER- 
VICES. By David Gibbons, is. 6d. 

107. COUNTY COURT GUIDE, Plain Guide for Suitors in the 

County Court. By a Barrister, is. 6d. 

108. THE METROPOLIS LOCAL MANAGEMENT ACT, i8ih 

and ZQth Vict., c. z2o; 19th and 20th Vict., c. 112; 21st and 22nd Vict., 
c. 104 ; 24th and 25th Vict., c. 61 ; also, the last Pauper Removal Act., and 
the Parochial Assessment Act. xs. 6d. 

108*. THE METROPOLIS LOCAL MANAGEMENT AMEND- 
MENT ACT, 1862, 25th and 26th Vict., c. 120. Notes and an Index, is. 
%• JVith the Local Management Act, in One Volume, 2S. 6d, 
151 A HANDY BOOK ON THE LAW OF FRIENDLY, IN- 
DUSTRIAL &- PROVIDENT BUILDING &* LOAN SOCIETIES. 
With copious Notes. By Nathaniel White, of H.M. Civil Service, is. 

163. THE LAW OF PATENTS FOR INVENTIONS', and on 
the Protection of Designs and Trade Alarks. i»y F. W. Campin, Barrister- 
at- Law. 2s. 

7, STATIONERS' HALL COURT, LUDGATE HILL, E.G. 
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MISCELLANEOUS VOLUMES. 

36. A DICTIONARY OF TERMS used in ARCHITECTURE, 
BUILDING, ENGINEERING, MINING, METALLURGY, ARCHj^- 
OLOGY, the FINE ARTS, &vr With Explanatonr Observations on various 
Subjects connected with Applied Science and Art. By John Weale. 
Fourth Edition, with numerous Additions. Edited by Robert Hunt, F.R.S., 
Keeper of Minine Records, Editor of Ure's " Dictionary of Arts, Manufac- 
tures, and Mines. Numerous Illustrations. 5s. 

112. MANUAL OF DOMESTIC MEDICINE. Describing the 

Symptoms, Causes, and Treatment of the most common Medical and Surgical 
Affections. By R. Gooding, B.A., M.B.. The whole intended as a Family 
Guide i)i all Cases of Accident and Emergency. 2s. 

112*. MANAGEMENT OF HEALTH, A Manual of Home and 
Personal Hygiene. Bein^ Practical Hints on Air, Light^ and Ventilation ; 
Exercise, Diet, and Clothing ; Rest, Sleep, and Mental Discipline ; Bathing 
and Therapeutics. By the Rev. James Baird, B.A. is. 

113. FIELD ARTILLERY ON SERVICE, on the Use of. With 

especial Reference to that of an Army Corps. For Officers of all Arms. 
Bv Taubbrt, Captain, Prussian Artillery. Translated from the German by 
Lieut.-Col. Henry Hamilton Maxwell, Bengal Artillery, xs. 6d. 

1 13*. SWORDS, AND OTHER ARMS used for Cutting and Thrust- 
ing Memoir on. By Colonel Marby. Translated from the French by 
Colonel H. H. Maxwell. With Notes and Plates, xs. 

150. LOGIC, Pure and Applied. By S. H. Emmens. Third 
Edition, xs. 6d. 

152. PRACTICAL HINTS FOR INVESTING MONEY, With 
'an Explanation of the Mode of Transacting Business on the Stock Exchange. 
By Francis Playford, Sworn Broker, xs. 6d. 

i^%, SELECTIONS FROM LOCKE'S . ESSAYS ON THE 
HUMAN UNDERSTANDING. With Notes by S. H. Emmens. as. 



EDUCATIONAL AND CLASSICAL SERIES. 



HISTORY. 

I. England, Outlines of the History of; more especially with 

reference to the Oriein and Progress of the English Constitution. A Text 
Book for Schools ana Colleges. By William Douglas Hamilton, F.S.A., 
of Her Majesty's Public Record Office. Fourth Edition, revised and brought 
down to XB72. Maps and Woodcuts. 5s. ; cloth boards, 6s. Also in five 
Parts, IS. each. 

5. Greece, Outlines of the History of ; in connection with the 

Rise of the Arts and Civilization in Europe. By W. Douglas Hamilton. 
of University College, London, and Edward Lbvibn, M.A., of Balliol 
College, Oxford. 2s. 6a. ; cloth boards, 3s. 6d. 

7. Home, Outlines of the History of; From the Earliest Period 

to the Christian Era and the Commencement of the Decline of the Empire. 
By Edward Levibn, of Bs^liol College, Oxford. Map, 2s. 6d. ; cl. bds. 3s. 6d. 

9. Chronology of History, Art, Literature, and Progress, 

from the Creation of the World to the Conclusion of the Franco-German 
War. The Continuation by W. D. Hamilton, F.S.A., of Her Majesty's 
Record Office. 3s. ; cloth boards, 3s. 6d. 

50. Dates and Events in English History, for the use of 

Candidates in Public and Private Examinations. By the Rev. Edgar Rand, 
B.A. xs. 
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ENGLISH LANGUAGE AND MISCEL- 
LANEOUS. 

II. Grammar of the English Tongue, Spoken and Written. 

With an Introduction to the Study of Comparative Philology. By Hydb 
Clarkb, D.CL. Third Edition, is. 

II*. Philology: Handbook of the Comparative Philology of English, 
Anglo-Saxon, Frisian, Flemish or Dutch, Low or Piatt Dutch, High Dutch 
. or German, Danish, Swedish, Icelandic, Latin, Italian, French, Spanish, and 

f Portuguese Tongues. By Hyde Clarke, D.C.L. is. 

. 12. Dictionary of the English Language, as Spoken and 

Written. Containing above zoo,ooo Words. By Hydb Clarke, D.C.L. 
I 3s. 6d. ; cloth boards, 4s. 6d. ; complete with the Graumar, cloth bds., 5s. 6d. 

48. Composition and Punctuation, familiarly Explained for 

those who have neglected the Study of Grammar. By Austin Brbnan. 
i6th Edition, is. 

49. Derivative Spelling-Book : Giving the Origin of Every "Word 

from the Greek, Latin, Saxon, German, Teutonic, Dutch, French, Spanish, 
and other Languages ; with their present Acceptation and Pronunciation. 
By J. RowBOTUAM, F.R.A.S. Improved Edition, xs. 6d. 

I 51. The Art of Extempore Speaking : Hints for the Pulpit, the 

Senate, and the Bar. By M. Bautain, Vicar-General and Professor at the 
j Sorbonne. Translated from the French. Fifth Edition, carefully corrected. 

2s. 6d. 

1 52. Mining and Quarrying, with the Sciences connected there- 

with. First Book of, for Schools. By T. H. Coluns, F.G.S., Lecturer to 
I the Miners' Association of Cornwall and Devon, xs. 6d. 

53. Places and Facts in Political and Physical Geography, 

i for Candidates in Public and Private Examinations. By the Rev. Edgar 

Rand, B.A. xs. 

54. Analytical Chemistry, Qualitative and Quantitative, a Coarse 

of. To which is prefixed, a Brief Treatise upon Modem Chemical Nomencla- 
ture and Notation. By Wm. W. Pink, Practical Chemist, &c., and Georgb 
£. Webster, Lecturer on Metallurgy and the Applied Sciences, Notting- 
ham. 2S. 

THE SCHOOL MANAGERS' SERIES OF READING 

BOOKS, . 

Adapted to the Reouirements of the New Code. Edited by the Rev. A. R. Grant, 
Rector of Hitcham, and Honorary Canon of Ely; formerly H.M. Inspector 
of Schools. 

s. 4. *• d. 

Introductory Primer . o 3 Third Standard . . . . x o 
First Standard . .06 Fourth „ . . . .12 
Second „ ..0x0 Fifth „ .... x 6 

\* A Sixth Siandard in Preparation^ 

Lbssons from thb Biblb. Part I. Old Testament, is. 

Lessons from thb Bible. Part II. New Testament, to which is added 

The Geography of the Biblb, for very young Children. By Rev. C. 

Thornton Forster. is. 2d. %* Or the Two Parts iu One Volume. 2s. 



FRENCH. 

24. French Grammar. "With Complete and Concise Rules on the 

Genders of French Nouns. By G. L. Strauss, Ph.D. is. 

25. French-English Dictionary. Comprising a large number of 

New Terms used in Engineering, Mining, on Railways, &c. By Alfred 
Elwbs. is. 6d. 
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French, cofitinued, 

26. English-French Dictionary. By Alfred Elwes. 2s. 
25,26. French Dictionary (as above). Complete, in One Vol., 3s. ; 

cloth boards, 3s. 6d. %* Or with the Grammar, cloth boards, 4s. 6d. 

47. French and English Phrase Book ; Containing Intro- 
ductory Lessons, with Translations, for the convenience of Students ; several 
Vocabularies of Words, a Collection of suitable Phrases, and Easy Familiar 
Dialogues, is. 

GERMAN. 

39. German Grammar. Adapted for English Students, from 

Heyse's Theoretical and Practical Grrammar, by Dr. G. L. Strauss, zs. 

40. German Reader : A Series of Extracts, carefully culled from the 

most approved Authors of Germany ; with Notes, Philological and Ex- 
planatory. By G. L. Strauss, Ph.D. is. 

41. German Triglot Dictionary. By Nicholas Esterhazy, 

S. a. Hamu-ton. Parti. English-German-French, is. 

42. German Triglot Dictionary. Part IL German-French- 
English. IS. 

43. German Triglot Dictionary. Part III. French-German- 

English. 18. 
41-43. German Triglot Dictionary (as above), in One Vol, 3s.; 
cloth boards, 4s. %* Or with the German Grammar, cloth boards, 5s. 

ITALIAN. 

27. Italian Grammar, arranged in Twenty Lessons, with a Course 

of Exercises. By Alfred Elwes. is. 

28. Italian Triglot Dictionary, wherein the Genders of all the 

Italian and French Nouns are carefully noted down. By Alfred Elwes. 
Vol. I. Italian-English-French. 2S. 

30. Italian Triglot Dictionary. By A. Elwes, Vol. 2. 

English-French-Italian. 2s. 

32. Italian Triglot Dictionary. By Alfred Elwes. Vol. 3. 

French-Italian-English. 2s. 

28,30, Italian Triglot Dictionary (as above). In One Vol., 6s. ; 
32. cloth boards, 7s. fid. %* Or with the Italian Grammar, cloth bds., 8s. 6d. 

SPANISH. 

34. Spanish Grammar, in a Simple and Practical Form. With 

a Course of Exercises. By Alfred Elwes. is. 

35. Spanish-English and English-Spanish Dictionary. 

Including a large number of Technical Terms used in Mining, Engineering, &c., 
with the proper Accents and the Gender of every Noun. By Alfred Elwbs. 
4s. ; cloth boards, 5s. V O^ with the Grammar, cloth boards, 6s. 

HEBREW. 

46*. Hebrew Grammar. By Dr. Bresslau. is. 

44. Hebrew and English Dictionary, Biblical and Rabbinical ; 

containing the Hebrew and Chaldee Roots of the Old Testament Post- 
Rabbinical Writings. By Dr. Bresslau. 6s. %• Or with the Grammar, 7s. 

46. English and Hebrew Dictionary. By Dr. Bresslau. 38. 
44,46. Hebrew Dictionary (as above), in Two Vols., complete, with 
^6*. the Grammar, cloth boards, Z2s. 
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LATIN. 

19. I-atin Grammar. Containing the Inflections and Elementary 

Principles of Translation and Construction. By the Rev. Thomas Goodwin, 
M.A., Head Master of the Greenwich Proprietary School, is. 

20. Latin-English Dictionary. Compiled from the best Autho- 

rities. By the Rev. Thomas Goodwin, M.A. 2s. 

22. EngUsh-Latin Dictionary ; together with an Appendix of 

French and Italian Words which have their origin from the Latin. By the 
Rev. Thoaias Goodwin, M.A. is. 6d. 

20,22. Latin Dictionary (as above). Complete in One Vol., 3s. 6d. ; 
cloth boards, 4s. 6d. %*^Or with the Grammar, cloth boards, 5s. 6d. 

LATIN CLASSICS. With Explanatory Notes in English. 

1. Latin Delectus. Containing Extracts from Classical Authors, 

with Genealogical Vocabularies and Explanatory Notes, by Hbnry Young, 
lately Second Master of the Royal Grammar School, Guildford, is. 

2. Caesaris Commentarii deBello Gallico. Notes, and a Geographical 

Register for the Use of Schools, by H. Young. 2s. 
12. Ciceronis Oratio pro Sexto Roscio Amerino. Edited, with an 
Introduction, Analysis, and Notes Explanatory and Critical, by the Rev. 
James Davies, M.A. is. 

14. Ciceronis Cato Major, Lselius, Brutus, sive de Senectute, de Ami- 
citia, de Claris Oratoribus Dialog!. With Notes by W. Brownrigg Smith, 
M.A., F.R.G.S. 23. 

3. Cornelius Nepos. With Notes. Intended for the Use of 

Schools. By H. Young, is. 

6. Horace ; Odes, Epode, .and Carmen Saeculare. Notes by H, 

Young, is. 6d. 

7. Horace ; Satires, Epistles, and Ars Poetica. Notes by W. Brown- 

rigg Smith, M.A., F.R.G.S. is. 6d. 

21. Juvenalis Satirae. With Prolegomena and Notes by T. H. S. 

EscoTT, B.A., Lecturer on Log^c at King's College, London, is. 6d. 

16. !Livy : History of Rome. Notes by H. Young and W. B. Smith, 

M.A. Part i. Books i., ii., is. 6d. 
i6». — — Part 2. Books iii., iv., v., is. 6d. 

17. ■ Part 3. Books xxi. xxii., is. 6d. 

8. Sallustii Crispi Catalina et Bellum Jugurthinum. Notes Critical 

and Explanatory, by W. M. Donne, B.A., Trinity College, Cambridge. 
IS. 6d. 

10. Terentil Adelphi Hecyra, Phormio. Edited, ^vith Notes, Critical 

and Explanatory, by the Rev. Jambs Davies, M.A. 2s. 

9. Terentii Andria et Heautontimoru.menos. With Notes, Critical 

and ExpUnatory, by the Rev. James Davies, M.A. is. 6d. 

11. Terentii Eunuchus, Comoedia. Edited, with Notes, by the Rev. 

James Davies, M.A. li. 6d. Or the Adelphi, Andria, and Eunuchus, 
3 vols, in I, cloth boards, 6s. 

4. Virgilii Maronis Bucolica et Georgica. With Notes on the Buco- 

lics by W. RusHTON, M.A., and on the Georgics by H. Young, is. 6d. 

5. Virgilii Maronis JEneis. Notes, Critical and Explanatory, by H. 
Young. 2s. 

19. Latin Verse Selections, from Catullus, Tibullus, Propertius, 

and Ovid. Notes by W. B. Donne, M.A., Trinity College, Cambridge, as. 

20. Latin Prose Selections, from Varro, Columella, Vitruvius, 

Seneca, Quintilian, Florus, Velleius Paterculus, Valerius Maximus Sueto- 
nius, Apuleius, &c. Notes by \V. B. Donne, M.A. 2s. 
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